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An Iteration Method for the Solution of the Eigenvalue 
Problem of Linear Differential and Integral Operators’ 


By Cornelius Lanczos 


The present investigation designs a systematic method for finding the latent roots and 


the principal axes of a matrix, without reducing the order of the matrix. 


It is characterized 


by a wide field of applicability and great accuracy, since the accumulation of rounding errors 


is avoided, through the process of ‘‘minimized iterations”’. 


Moreover, the method leads to 


a well convergent successive approximation procedure by which the solution of integral 


equations of the Fredholm type and the solution of the eigenvalue problem of linear differ- 


ential and integral operators may be accomplished. 


I. Introduction 


The eigenvalue problem of linear operators is of 
central importance for all vibration problems of 
physies and engineering. The vibrations of elastic 
structures, the flutter problems of aerodynamics, 
the stability problem of electric networks, the 
atomic and molecular vibrations of particle phys- 
ics, are all diverse aspects of the same fundamental 
problem, viz., the principal axis problem of quad- 
ratic forms. 

In view of the central importance of the eigen- 
value problem for so many fields of pure and 
applied mathematics, much thought has been de- 
voted to the designing of efficient methods by 
which the eigenvalues of a given linear operator 
may be found. That linear operator may be of 
the algebraic or of the continuous type; that is, a 
matrix, a differential operator, or a Fredholm 
kernel function. Iteration methods play a prom- 
inent part in these designs, and the literature on 
the iteration of matrices is very extensive.’ In 
the English literature of recent years the works of 
H. Hotelling [1]* and A. C. Aitken [2] deserve 
attention. H. Wayland [3] surveys the field in 
its historical development, up to recent years. 
W. U. Kineaid [4] obtained additional results by 
improving the convergence of some of the classical 


procedures. 


The preparation of this paper was sponsored in part by the Office of 
Naval Research. 

The basic principles of the various iteration methods are exhaustively 
cated in the well-known book on Elementary matrices by R. A. Frazer, 
VY. J. Dunean, and A. R. Collar (Cambridge University 1938) ; 
MaeMillan, New York, N. Y., 1947). 
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The present investigation, although starting 
out along classical lines, proceeds nevertheless in 
a different direction. The advantages of the 
method here developed * can be summarized as 
follows: 

1. The iterations are used in the most economi- 
cal fashion, obtaining an arbitrary number of 
eigenvalues and eigensolutions by one single set 
of iterations, without reducing the order of the 
matrix. 

2. The rapid accumulation of fatal rounding 
errors, common to all iteration processes if applied 
to matrices of high dispersion (large “‘spread”’ of 
the eigenvalues), is effectively counteracted by 
the method of ‘minimized iterations”’. 

3. The method is directly translatable into 
analytical terms, by replacing summation by 
integration. We then get a rapidly convergent 
analytical iteration process by which the eigen- 
values and eigensolutions of linear differential and 
integral equations may be obtained. 


II. The Two Classica! Solutions of 
Fredholm's Problem 


Since Fredholm’s fundamental essay on integral 
equations [5], we can replace the solution of linear 
differential and integral equations by the solution 


‘The literature available to the author showed no evidence that the 
methods and results of the present investigation have been found before. 
However, A. M. Ostrowski of the University of Basle and the Institute for 
Numerical Analysis informed the author that his method parallels the 
earlier work of some Russian scientists; the references given by Ostrowski 
are: A. Krylov, Izv. Akad. Nauk SSSR 7, 491 to 5389 (1931); N. Luzin, Izv. 
Akad, Nauk SSSR 7, 908 to 958 (1931). On the basis of the reviews of these 
papers in the Zentralblatt, the author believes that the two methods coincide 
only in the point of departure, The author has not, however, read these 
Russian papers. 





of a set of simultaneous ordinary linear equations 
of infinite order. The problem of Fredholm, if 
formulated in the language of matrices, can be 
stated as follows: Find a solution of the equation 


y—dAy=6), (1) 


where 6 is a given vector, \ a given scalar para- 
meter, and A a given matrix (whose order event- 
ually approaches infinity); whereas y is the 
unknown vector. The problem includes the 
inversion of a matrix (A= ©) and the problem of 
the characteristic solutions, also called “eigenso- 
lutions’, (6=0) as special cases. 

Two fundamentally different classical solutions 
of this problem are known. The first solution is 
known as the “Liouville-Neumann expansion” 
[6]. We consider A as an algebraic operator and 
obtain formally the following infinite geometric 
series: 


l 


— 


v=; (1+0A+ 242+ (z) 
This series converges for sufficiently small values 
of |\| but diverges beyond a certain |Aj|=]A|. 
The solution is obtained by a series of successive 
“iterations’;*® we construct in succession the 


following set of vectors: 





and then form the sum: 


y= by +b, + 7b. + (4) 

The merit of this solution is that it requires 
nothing but a sequence of iterations. The draw- 
back of the solution is that its convergence is 
limited to sufficiently small values of 4. 

The second classical solution is known as the 
Schmidt series [7]. We assume that the matrix 
A is “nondefective”’ (i. e. that all its elementary 
divisors are linear). We furthermore assume that 


§ Throughout this paper the term “‘iteration” refers to the application of 
the given matrix A to a given vector 6, by forming the product Ab. 
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we possess all the eigenvalues * u; and eigenvec 

u, of the matrix A, defined by the equations 
Au;= ui; (= 1,2, ,n). 

If A is nonsymmetric, we need also the “adjoi: 

eigenvectors u,*, defined with the help of | 

transposed matrix A*: 

(i=1, 2, 


A*u,* =ynu;,* ,n). 


We now form the scalars 


— b-u,* 
we uu, 
and obtain y in form of the following expansion: 


yh 


Y2Ule 
oe 1 — 


1— Apo 


YnUn 


+ —h 


+ 


(8) 


This series offers no convergence difficulties, 
since it is a finite expansion in the case of matrices 
of finite order and yields a convergent expansion 
in the case of the infinite matrices associated with 
the kernels of linear differential and integral 
operators. 

The drawback of this solution is—apart from 
the exclusion of defective matrices ’—that it pre- 
supposes the complete solution of the eigenvalue 
problem associated with the matrix A. 


III. Solution of the Fredholm Problem by 
the S-Expansion 


We now develop a new expansion that solves 
the Fredholm problem in similar terms as the 
Liouville-Neumann series but avoids the conver- 
gence difficulty of that solution. 

We first notice that the iterated vectors bp), },, 
be, cannot linearly independent of 
each other beyond a certain definite b:. All these 
vectors find their place within the n-dimensional! 
space of the matrix A, hence not more than n of 
them can be linearly independent. We thus know 
in advance that a linear identity of the following 
form must exist between the successive iterations. 

bn gibm—1 + Jobm ate. + dmbo =0. 
* We shall use the term “eigenvalue” for the numbers yw, defined by 


whereas the reciprocals of the eigenvalues: \;=1/y; shall be called “‘character, 
istic numbers”’. 


be 


(9) 


’ The characteristic solutions of defective matrices (i. e. matrices who» 
elementary divisors are not throughout linear) do not include the ent 
a-limensional space, since such matrices possess less than a independ 
principal axes, 
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(9 } 


We cannot tell in advance what m will be, except 
for the lower and upper bounds: 


1smSn. (10) 


How to establish the relation (9) by a systematic 
algorithm will be shown in section VI. For the 
time being we assume that the relation (9) is 
already established. We now define the poly- 
nomial 

G(x) =2"4+-gin""'+-+-++9m, (11) 


together with the “inverted polynomial’ (the 
coefficients of which follow the opposite sequence) : 


Sa(d)=1+g:rA+g2r2+---+gnr™. (12) 


Furthermore, we introduce the partial sums of the 
latter polynomial: 


S, =n } 
S, (A) == | +r 


S2(A) =14+g.A+g2" 





Simi (A) = 1+ gid+- ++ +-gm id" 


We now refer to a formula which can be proved by 
straightforward algebra: * 
Sn (A) —A"G(z) 
= S 1. ° 
ih m—1(X) +Siq_9(d) = der 
+ Sm—a(d) - Nxt. - +S. NBO 
(14) 


Let us apply this formula operationally, replacing 
x by the matrix A, and operating on the vector 
b,. In view of the definition of the vectors },. 
the relation (9) gives: 


G(A) - by)=0, (15) 


and thus we obtain: 


S,, (A) _ 

l —rA by Sn 1 (A) by t S., _2(A) AD, + gids S.r*~"'b,-1, 
(16) 

and hence: 


l Sm (A) bo T Sn ANAS, 4 sey SpA™ 1b. 1 

y by: , 
. ] ~rA Sm (A) 

(17) 


*In order to prevent this paper from becoming too lengthy the analytical 
details of the present investigation are kept to a minimum, and in a few places 
the reader is requested to interpolate the missing steps. 


257 


If we compare this solution with the earlier 
solution (4), we notice that the expansion (17) 
may be conceived as a modified form of the Liou- 
ville-Neumann series, because it is composed of 
the same kind of terms, the difference being only 
that we weight the terms *b, by the weight factors 


Sn-e-1 (d) 


a. 


, (18) 


instead of taking them all with the uniform weight 
factor 1. This weighting has the beneficial effect 
that the series terminates after m terms, instead of 
going on endlessly. The weight factors w;, are 
very near to 1 for small } but become more and 
more important as \ increases. The weighting 
makes the series convergent for all values of X. 

The remarkable feature of the expansion (17) is 
its complete generality. No matter how defective 
the matrix A may be, and no matter how the 
vector 6, was chosen, the expansion (17) is always 
valid, provided only that we interpret it properly. 
In particular we have to bear in mind that there 
will always be m polynomials S,(A), even though 
every S,(A) may not be of degree k, due to the 
vanishing or the higher coefficients. For example, 
it could happen that 


G(r) =z", (19) 
so that 


Sn(d)=1+0A+0x+ ... +0", = (20) 
S,(A) = 14+0A+0N+ . . . +00, (21) 
and the formula (17) gives: 


y = by +b, + T ih ae (22) 


IV. Solution of the Eigenvalue Problem 


The Liouville-Neumann series cannot give the 
solution of the eigenvalue problem, since the ex- 
pansion becomes divergent as soon as the param- 
eter A reaches the lowest characteristic number 
\:. The Schmidt series cannot give the solution of 
the eigenvalue problem since it presupposes the 
knowledge of all the eigenvalues and eigenvectors 
of the matrix A. On the other hand, the expan- 
sion (17), which is based purely on iterations and 
yet remains valid for all \, must contain implicitly 
the solution of the principal axis problem. In- 
deed, let us write the right side of (1) in the form 


b=S,,(d)b. (23) 
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Then the expansion (17) loses its denominator 


and becomes: 


y=Sm—i(A) bo t+Sn—2(A)ABi + . . . + SN" By 1. (24) 
We can now answer the question whether a 
solution of the homogeneous equation 


y—dAy=0, (25) 


is possible without the identical vanishing of y. 
The expression (23) shows that 6 can vanish only 
under two circumstances; either the vector 5, or 
the scalar S,,(A) must vanish. Since the former 
possibility leads to an identically vanishing y, 
only the latter possibility is of interest. This 
gives the following condition for the parameter X. 


S,, (A) =0. (26) 


The roots of this equation give us the character- 
istic values A=A,, Whereas the solution (24) yields 
the characteristic solutions, or eigenvalues, or 
principal axes of the matrix A: 


uy; Sui Adbo+S, (Ad AD, t + Sod™ "b..-1. 


(27) 


It is a remarkable fact that although the vector 
b, was chosen entirely freely, the particular linear 
combination (27) of the iterated vectors has in- 
pariant significance, except for an undetermined 
factor of proportionality that remains free, in view 
of the linearity of the defining equation (25). 
That undetermined factor may come out even as 
zero, i. &., a certain axis may not be represented in 
the trial vector 6) at all. This explains why the 
order of the polynomial S,,(A) need not be neces- 
sarily equal ton. The trial vector by may not give 
us all the principal axes of A. What we can say 
with assurance, however, is that all the roots of 
S,,0\) are true characteristic values of A, and all 
the u, obtained by the formula (24) are true char- 
acteristic vectors, even if we did not obtain the 
complete solution of the eigenvalue problem. The 
discrepancy between the order m of the poly- 
nomial G(u) and the order n of the characteristic 
equation 


Qay;—p4 » 2 in 
F(yu)=| - =( (28) 


\Ani Onn be 











will be the subject of the discussion in the ; «| 
section. 

Instead of substituting into the formula 
we can also obtain the principal axes u,b 4 
numerically simpler process, applying synth 
division. By synthetic division we generate 
polynomials: 


G(x) _ 


| hs ei ee 
ti wi 


We then replace 2’ by 6; and obtain: 
U;=Onitgibmot .. ~. +9i-sbo. 30) 
The proof follows immediately from the equation 
(A—p,)u,—G(A)-b)=0. (31) 


V. The Problem of Missing Axes 


Let us assume that we start with an arbitrary 
“trial vector” bp and obtain by successive itera- 
tions the sequence: 


by, by, be, cee yg b,. (32) 


Similarly we start with the trial vector 6) and 
obtain by iterating with the transposed matrix .1* 
the adjoint sequence: 


a ae (33) 
Let us now form the following set of “basic 
scalars”: 


2,,,~mh-Ruh,.& (34) 


The remarkable fact holds that these scalars 
depend only on the sum of the two subscripts ¢ and 
ks e. g. 

b,_ 6.5, =8;_,b,., = 5,5}. (35) 
This gives a powerful numerical check of the 
iteration scheme since a discrepancy between the 
two sides of (35) (beyond the limits of the round- 
ing errors) would indicate an error in the caleula- 
tion of 6,,, or 6;,, if the sequence up to 6, and 4; 
has been checked before. 

Let us assume for the sake of the present argu- 
ment that A is a nondefective matrix, and let us 
analyze the vector 6, in terms of the eigenvectors 
u;, While 6; will be analyzed in terms of the 
adjoint vectors u?: 


bo =17,U,+ ree + ... +7,%,, (3 


bo= rim; + r3u3+ +7, Uy. 
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Then the scalars ¢, become: 


C= Pibit Pata t ..- +Pnte, (38) 
with 
Pu=TeTh- (39) 


The problem of obtaining the », from the e¢, is 
the problem of “weighted moments”, which can 
be solved as follows: Assuming that none of the 
», vanish and that all the A, are distinet, we 
establish a linear relation between n+ 1 consecu- 
‘ive ¢,, of the following form: 


Como + am+ ooo FC, -1%-1 TC, =O 


Cot Comt --- +C,%, -1 tC, 41=0 





CrNot Cn 41am T + es + C2, 1% -1 + Con =90 J 


Then the definition of the ¢, shows directly that 
the set (40) demands 


F(u) =0, (41) 
where 


F(x)=not+met+ ... +10" ~'+2". (42) 


Hence, by solving the recurrent set (40) with the 
help of a “‘progressive algorithm’’, displayed in 
the next section, we can obtain the coefficients of 
the characteristic polynomial (42), whose roots 
give the eigenvalues y,. 

Under the given restricting conditions none of 
the uw, roots has been lost, and we could actually 
establish the full characteristic equation (41). It 
can happen, however, that }) is orthogonal to some 
axis uw, and it is equally possible that 6; 
orthogonal to some axis u,. In that case r, and 
r, drop out of the expansions (36) and (37) and 
consequently the expansion (38) lacks both 
p, and p,». This means that the sealars ¢, are 
unable to provide all the yw,, since uw, and yy, are 
missing. The characteristic equation (41) cannot 
be fully established under these circumstances. 

The deficiency was here caused by an unsuitable 
choice of the vectors by and 67; it is removable by a 
better choice of the trial vectors. However, we 
can have another situation where the deficiency 
goes deeper and is not removable by any choice of 
the trial vectors. This happens if the x, roots of 
the characteristic equation are not all distinct. 
The expansion (38) shows that two equal roots 
A; and A, cannot be separated since they behave 


Is 


exactly as one single root with a double amplitude. 
Generally, the weighted moments ¢, can never 
show whether or not there are multiple roots, 
because the multiple roots behave like single roots. 
Consequently, in the case of multiple eigenvalues 
the linear relation between the c, will not be of the 
n™ but of a lower order. If the number of distinct 
roots is m, then the relation (40) will appear in the 
following form: 

Como +eim + + Cm—19m-1 t+ Cm =0 


Ci No + Com +- . +Cnu%m—1 + Cn = 0 





+ Com—19m—1 + Com= 0J 


Cm + Cm4im + 


Once more we can establish the polynomial 


G(2) =n +me+ +m it" '+a2™, (44) 


but this polynomial is now of only m™ order and 
poly ] 


factors into the m root factors 


(x — py) (2 — py) (r— pm), (45) 


where all the yw; are distinct. After obtaining 
all the roots of the polynomial (44) we can now 
construct by synthetic division the polynomials: 


Gx) 


7” 1+ giz™-?+ 
i — ps 


» Fue (46) 


and replacing x’ by 6, we obtain the principal axes 


of both A and A*: 
+g, by, 
(47) 
+-gf, - 16. 


This gives a partial solution of the principal 
axis problem, inasmuch as each multiple root con- 
tributed only one axis. Moreover, we cannot tell 
from our solution which one of the roots is single 
and which one multiple, nor can the degree of 
multiplicity be established. In order to get further 
information, we have to change our trial vectors 
and go through the iteration scheme once more. 
We now substitute into the formulae (47) again 
and can immediately localize all the single roots 
by the fact that the vectors u, associated with 
these roots do not change (apart from a propor- 
tionality factor), whereas the 4 belonging to 
double roots will generally change their direction. 


Ux =bn_1t+gibm-24 
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A proper linear combination of the new uj, and the 
previous u, establishes the second axis associated 
with the double eigenvalue y,.; we put 


sl == 0, uj= uj, + yu, 


u—u; uu, +y'U; 

The factors y and y* are determined by the con- 
ditions that the vectors u! and u? have to be bi- 
orthogonal to the vectors ul” and u?*. In the case 
of triple roots a third trial is demanded, and so on. 

An interesting contrast to this behavior of 
multiple roots associated with nondefective matri- 
ces is provided by the behavior of multiple roots 
associated with defective matrices. A defective 
eigenvalue is always a multiple eigenvalue, but 
here the multiplicity is not caused by the collapse 
of two very near eigenvalues, but by the multi- 
plicity of the elementary divisor. This comes 
into evidence in the polynomial G(r) by giving a 
root factor of higher than first order. Whenever 
the polynomial G(x) reveals a multiple root, we 
can tell in advance that the matrix A is defective 
in these roots, and the multiplicity of the root 
establishes the degree of deficiency. 

It will be revealing to demonstrate these con- 
ditions with the help of a matrix that combines 
all the different types of irregularities that may 
be encountered in working with arbitrary matrices. 
Let us analyze the following matrix of sixth order: 








rm) @3 6 0°01 
0 1 ee. ¢€ 
Ss + 2. ae 
000 2 0 0 
> @ 6 @ @ia 

(0 000 0 0 ’ 


The eigenvalue 2 is the only regular eigenvalue 
of this matrix. The matrix is “singular’’, because 
the determinant of the coefficients is zero. This, 
however, is irrelevant from the viewpoint of the 
eigenvalue problem, since the eigenvalue “zero” 
is just as good as any other eigenvalue. More 
important is the fact that the eigenvalue zero is a 
double root of the characteristic equation. The 
remaining three roots of the characteristic equa- 
tion are all 1. This 1 is thus a triple root of the 


characteristic equation; at the same time the 
matrix has a double deficiency in this root, 
because the elementary divisor associated with 





this root is cubic. The matrix possesses 0 y 
four independent principal axes. 

What will the polynomial G(z) become in 
case of this matrix? The regular eigenvalu: 2 
must give the root factor r—2. The regu or 
eigenvalue 0 has the multiplicity 2 but is redu. 
to the single eigenvalue 0 and thus contrib 
the factor x. The deficient eigenvalue 1 has | 
multiplicity 3 but also double defectiven 
Hence, it must contribute the root factor (z- 
We can thus predict that the polynomial G 
will come out as follows. 


G(x) =2z(x—2) (x —1)?=2°— 5a'* + 92* — 7x? 4+- 27 


Let us verify this numerically. As a trial vector 


we choose 
by. =b,=1,1,1,1,1,1. 
The successive iterations yield the following: 
b, 1 ] ] 1 1 1 
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b 
b 
b= 69 17 1 146 0 0 
b,=106 21 1 32 0 O 
b 


b; | l l : -& I 
b; 1 3 se” 3 @ 6 
b; tb @ 4°06 6 
b; l 7 4 #%8s O O 
b;- 1 9 77 16 0 O 
b: 1 11 116 32 0 0 


b; 1 13 163 64 0 O 


We now construct the ¢, by dotting by with the 
b° (or 6 with the 6); we continue by dotting 4 
with 6), .. . 6; (or 6; with b,,.. . 63). This gives 
the following set of 2n+-1=13 basic scalars. 


c,=6, 14, 33, 62, 103, 160, 241, 362, 555, SS4, 
1477, 2590, 4735. 





The application of the progressive algorithm of 
section VI to these 5, yields G(x) in the predicted 
form. We now obtain by synthetic divisions: 


G are 
#(x) Pe re 


Ox" 


Inverting these polynomials we obtain the matrix 


Oo -—2 5 -—4 1 O 
0 3’ —3 1 O 
> —5§ 1 O 


The product of this matrix with the iteration 
matrix B (omitting the last row 6.) yields three 
principal axes u;; similarly the product of the same 
matrix with the iteration matrix B* yields the 
three adjoint axes u°: 


u(l1)=—=—S8 
u(2) 0 


u(Q) 


u*(1) 
u*(2) 


u*(0) = 


Since G(z) is of only fifth order, while the order 
of the characteristic equation is 6, we know that 
one of the axes is still missing. We cannot de- 
cide a priori whether the missing axis is caused by 
the duplicity of the eigenvalue 0, 1, or 2.°. How- 
ever, a repetition of the iteration with the trial 
vectors 


&=§=1, 1, 1,1, 1, 


causes a change in the row u(0) and u*(0) only. 
This designates the eigenvalue u=0 as the double 
root. The process of biorthogonalization finally 
yields: 


* We have in mind the general case and overlook the fact that the over- 
simplified nature of the cxample makes the decision trivial 

“ The reader is urged to carry through a similar analysis with the same 
matrix, but changing the 0, 0 diagonal elements of the rows 5 and 6 to 1, 0, 
and to1,1 


u, (0) =0 


u; (0) =0 


u;(0) =0 


VI. The Progressive Algorithm for the 
Construction of the Characteristic Poly- 
nomial G(x) 


The crucial point in our discussions was the 
establishment of a linear relation between a 
certain 6, and the previous iterated vectors. 
This relation leads to the characteristic poly- 
nominal G(x), whose roots G(u4)=0 yield the 
eigenvalues w,. Then by synthetic division we 
can immediately obtain those particular linear 
combinations of the iterated vectors 6;, which 
give us the eigenvectors (principal axes) of the 
matrix A. 

We do not know in advance in what relation the 
order m of the polynomial G(x) will be to the order 
n of the matrix A. Accidental deficiencies of the 
trial vectors 6,, 63, and the presence of multiple 
eigenvalues in A can diminish m to any value 
between 1 and n. For this reason we will follow 
a systematic procedure that generates G(x) 
gradually, going through all degrees from 1 to m. 
The procedure comes automatically to a halt 
when the proper m has been reached. 

Our final goal is to solve the recurrent set of 
equations: 


CoNo 


CmNo TCm4iMm Tt + + + Com 0 


This is only possible if the determinant of this 


homogeneous set vanishes: 


C; 
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Before reaching this goal, however, we can cer- 
tainly solve for any k<m the following inhomog- 
eneous set (the upper * is meant as a superscript): 
5 


Com + C; m + +e,=0 


Cimatcontt . 2. +41 =0 





Cem TCM T +n =h, J 
The freedom of A, in the last equation removes the 
overdetermination of the set (48). The proper 
m will be reached as soon as A,, turns out to be 
zero. 

Now a recurrent set of equations has certain 
algebraic properties that are not shared by other 
linear systems. In particular, there exists a 
recurrence relation between the solutions of three 
consecutive sets of the type (50). This greatly 
facilitates the method of solution, through the 
application of a systematic recurrence scheme 
that will now be developed. 

We consider the system (50) and assume that 
we possess the solution up to a definite k. Then 
we will show how this solution may be utilized 
for the construction of the next solution, which 
belongs to the order k+1. 

Our scheme becomes greatly simplified if we 
consider an additional set of equations that 
omits the first equation of (50) but adds one 
more equation at the end: 


C1 +272 + 


T Cons h.., 


Let us now multiply the set (50) by the factor 


 @ 


qd h, 


; (52) 


and add the set (51). We get a new set of equa- 
tions that can be written down in the form: 


Com ** + em *'+ roo, =0 


provided that we put 


n% “= Ue 


m*'=Gemn +m 





k+1_ 
ur =k ° 
We now evaluate the scalar 
k+t ~ k+1_j op BES 
CegiMo te Corgi” ' + Coe42>= hess 


which is added to (53) as the last equation. 
What we have accomplished is that a proper 
linear combination of the solutions 7° and % 
provided us with the next solution »/*'. But 
now exactly the same procedure can be utilized 


to obtain 7#*! on the basis of # and y**'. 


For this purpose we multiply the set (51) by 


- hess 
—ae ’ 


aad hess 


and add the set (53), completed by (55) but 
omitting the first equation. 
This gives: 


(56) 
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un a DF t No 


% Hot" 


gett k+l 


Mii=h: lta J 





Once more we evaluate the scalar 


a ee) er (59 


k+1 
Cy42% Tt 


which is added to (57) as the last equation. 

This analytical procedure can be translated into 
an elegant geometrical arrangement that generates 
the successive solutions 7} and 7 in successive 
columns. The resulting algorithm is best ex- 
plained with the help of a numerical example. 

For this purpose we choose the eigenvalue prob 
lem of an intentionally over-simplified matriy 
since our aim is not to show the power of th 





method but the nature of the algorithm, which 
leads to the establishment of the characteristic 
equation. The limitation of the method due to 
the accumulation of rounding errors will be dis- 
cussed in the next section. 

Let the given matrix be: 


—Is 


We iterate with the trial vector 6).=1, 0, 0, and 
obtain: 
1 0 0 
13 4 7 
28 24 12 
208 64 


—141 


10. 84615384 1. 047468173 


2. 15384616 


1 


Instead of distinguishing between the n, and 3, 
solutions we use a uniform procedure but mark 
the successive columns alternately as ‘‘full’’ and 
“half columns”; thus we number the successive 
columns as zero, one-half, one, The scheme 
has to end at a full column, and the end is marked 
by the vanishing of the corresponding “head- 
number” A, In our scheme the head-number is 
zero already at the half-column 2.5, but the scheme 
cannot end here, and thus we continue to the 
column 3, whose head-number becomes once more 
0, and then the scheme is finished. The last 
column gives the polynomial G(r), starting with 
the diagonal term and proceeding upward: 


1-2? +-0-2?— 1l6r+0, 
r’—16r. 


G (zx) 


ry . 

The head-numbers h, are always obtained by 
dotting the column below with the basic column 
Cy; &. g., at the head of the column 2 we find the 


YOFEIS SO 


7. 6923075 


We transpose the matrix and iterate with the 
trial vector b)*=1, 0, 0, obtaining: 


1 0 0 
13 5 —23 
28 —4 —20 

208 80 —368 


We dot the first row and the last row with the 
opposing matrix and obtain the basic scalars ¢; as 


follows: " 
1, 13, 28, 208, 448, 3328, 7168. 


These numbers are written down in a column, 
and the scheme displayed below is obtained. 


— 163. 4012569 


106382900 0 
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(60) 


13. 617021249 


—1. 106382987 — 16. (00000004 


©, 000000003 


number —163.4042569. This number was ob- 


tained by the following cumulative multiplication: 


448-1+-208-(— 1.106382987) +-28-(—13.617021249). 


The numbers q; represent the negative ratio of 
two consecutive A; numbers: 


— 
—=_ 


"! Instead of iterating with A and A* nv times, we can also iterate with A 
alone 2n times. Any of the columns of the iteration matrix can now be 
chosen as cy numbers since these columns correspond to a dotting of the 
iteration matrix with b5=1, 0,0, . . ., respectively 0, 1, 0, 0, ; 0, 0,1, 0, 
0, .. and so on. The transposed matrix is not used here at all. E. C 
Bower of the Douglas Aircraft Co. points out to the author that from the 
machine viewpoint a uniform iteration scheme of 2a iterations is preferable 
to a divided scheme of n+» iterations. The divided scheme has the advan- 
tage of less accumulation of rounding errors and more powerful checks on the 
successive iterations ‘he uniform scheme has the advantage that more 
than one column is at our disposal. Accidental deficiencies of the 65 vector 
can thus be eliminated, by repeating the algorithm with a different column 
(For this purpose it is of advantage to start with the trial vector fo=1, 1, 
1,... 1.) In the case of a symmetric matrix it is evident that after n itera 
tions the basic scalars should be formed, instead of continuing with a more 


iterations. 
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e. £., Gis=1.106382990 was obtained by the fol- 
lowing division: 


— (— 163.4042569) 
147 .6923075 


The scheme grows as follows. As soon as a 
certain column C, is completed, we evaluate the 
associated head-number h,; this provides us with 
the previous g-number q;_,,. We now construct 
the next column C;,,, by the following operation. 
We multiply the column C;_,, by the constant 
qi-y and add the column C;: 


Oss =i-1° Cy +Ci. 


However, the result of this operation is shifted 
down by one element; e. g. in constructing the 
column 2.5 the result of the operation 


1.10638299- (—2.15384616) + 
(—13.617021249) = —16, 


is not put in the row where the operation occurred, 
but shifted down to the next row below. 

The unfilled 
“zero”’, 

The outstanding feature of this algorithm is that 
it can never come to premature grief, provided only 
that the first two ce-numbers, cp and ¢, are different 
from zero. Division by zero cannot occur since 
the scheme comes to an end anyway as soon as the 
head-number zero appears in one of the full 
columns. 

Also of interest is the fact that the products of 
the head-numbers associated with the full columns 
give us the successive recurrent determinants of 
the ¢,; e.g., the determinants 


spaces of the scheme are all 


1 | 13 13 28 
13 28 : 2% 208 
208 448 


1 13 28 208 

13 28 208 448 
28 208 448 3328 
208 448 3328 7168 


are given by the successive products 


1, 1-(—141)=—141, (—141)-(—163.4042569) = 
23040, and 23040-0=0, 


Similarly the products of the head-numbers 
the half-columns give us similar determinants, |, 
omitting cy from the sequence of c-numbers. | 
the example above the determinants 


13, 13 28 | 13 28 208 
28 208 28 208 448 
208 448 3328 

are given by the products: 


13, 13-147.6923075 = 1920, 1920-0=0 


The purpose of the algorithm (60) was to gener- 
ate the coefficients of the basic identity that exists 
between the iterated vectors 6,. This identity 
finds expression in the vanishing of the poly- 
nomial G(x): 


G(x) =0 (61) 

The roots of this algebraic equation give us the 

eigenvalues of the matrix A. In our example we 
get the cubie equation 

z*’—16z=0, 

which has the three roots 

m=O, wo=4, w= —4. (62) 

These are the eigenvalues of our matrix. In order 

to obtain the associated eigenvectors, we divide 


G(z) by the root factors: 


G(x) Cf .,, G(x) _ 
r+4 


=7?—16 r’+-4e 2°—4z. 


r xr—4 
This gives, replacing z* by }: 
u(0) = — 16d) + dy, 
u(4) =4b, + by, 
u(—4) = —46, +b. 
Consequently, if the matrix 
—s /@ 3 
0 4 1 
0 -—4 1 


is multiplied by the matrix of the 6, (omitting 3), 
we obtain the three eigenvectors u;: 





] 0 0 
13 4 7 
28 24 12 


12 24 12 u(0) 


= 80 40 40 u(4) 


— 24 8S —16 u(—4) 


If the same matrix is multiplied by the matrix of the transposed iterations 6,* (omitting 63), we obtain 
the three adjoint eigenvectors 4;: 


—16 1 ] 0 0 
0 4 1 13 5 —23 
0-4 1 23 -4 -—2 


12 —4 — 20 u*(0) 
80 16 —112 J=[ w*(4) 
—24 —24 72 u*(—4) 


The solution of the entire eigenvalue problem is thus accomplished. 


VII. The Method of Minimized Iterations 


In principle, the previous discussions give a com- 
plete solution of the eigenvalue problem. We have 
found a systematic algorithm for the generation of 
the characteristic polynomial G(u). The roots of 
this polynomial gave the eigenvalues of the matrix 
A. Then the process of synthetic division estab- 
lished the associated eigenvectors. Accidental de- 
ficiencies were possible but could be eliminated by 
additional trials. 

As a matter of fact, however, the “‘progressive 
algorithm” of the last section has its serious limi- 
tations if large matrices are involved. Let us 
assume that there is considerable “dispersion” 
among the eigenvalues, which means that the ratio 
of the largest to the smallest eigenvalue is fairly 
large. Then the successive iterations will grossly 
increase the gap, and after a few iterations the 
small eigenvalues will be practically drowned out. 
Let us assume, e. g., that we have a 12 by 12 mat- 
rix, Which requires 12 iterations for the generation 
of the characteristic equation. The relatively mild 
ratio of 10:1 as the “spread”’ of the eigenvalues is 
after 12 iterations increased to the ratio 10:1, 
which means that we can never get through with 
the iteration scheme because the rounding errors 
make all iterations beyond the eighth entirely 
valueless. 

As an actual example, taken from a physical 
situation, let us consider four eigenvalues, which 
are distributed as follows: 


1, 5, 50, 2000. 


Let us assume, furthermore, that we start with a 
trial vector that contains the four eigenvectors in 
the ratio of the eigenvalues, i. e., the eigenvalue 
2000 dominates with the amplitude 2000, compared 
with the amplitude of the eigenvalue 1. After 
one iteration the amplitude ratio is increased to 
4-10°, after two iterations to 8-10°. The later 


iterations can give us no new information, since 
they practically repeat the second iteration, multi- 
plied every time by the factor 2000. The small 
eigenvalues 1 and 5 are practically obliterated and 
cannot be rescued, except by an excessive accuracy 
that is far beyond the limitations of the customary 
digital machines. 

We will now develop a modification of the cus- 
tomary iteration technique that dispenses with 
this difficulty. The modified scheme eliminates 
the rapid accumulation of rounding errors, which 
under ordinary circumstances destroys the value 
of high order iterations. The new technique pre- 
vents the large eigenvalues from monopolizing the 
scene. It protects the small eigenvalues by con- 
stantly balancing the distribution of amplitudes in 
the most equitable fashion. 

As an illustrative example, let us apply this 
method of ‘‘minimized iterations” to the above- 
mentioned dispersion problem. If the largest 
amplitude is normalized to 1, then the initial 
distribution of amplitudes is characterized as 
follows: 


0.0005, 0.0025, 0.025, 1. 


Now, while an ordinary iteration would make 
this distribution still more extreme, the method 
of minimized iterations changes the distribution 
of amplitudes as follows: 


0.0205 0.1023 1 —0.0253. 


We see that it is now the third eigenvector that 
gets a large weight factor, whereas the fourth 
eigenvector is almost completely in the back- 
ground. 

A repetition of the scheme brings about the 
following new distribution: 


0.2184 1 —0.1068 0.0000. 
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It is now the second eigenvector that gets the 
strongest emphasis. 
The next repetition yields: 


1 —0.2181 0.0018 0.0000, 


and we see that the weight shifted over to the 
smallest eigenvalue. 

After giving a chance to each eigenvalue, the 
scheme is exhausted, since we have all the infor- 
mation we need. Consequently the next mini- 
mized iteration yields an identical vanishing of 
the next vector, thus bringing the scheme to its 
natural conclusion. 

In order to expose the principle of minimized 
iterations, let us first consider the case of symmetric 
matrices: 

A*= A. (63) 


Moreover, let us agree that the multiplication of 
a vector b by the matrix A shall be denoted by a 
prime: 


Ab=b’. (64) 


Now our aim is to establish a linear identity 
between the iterated vectors. We cannot expect 
that this identity will come into being right from 
the beginning. Yet we can approach this identity 
right from the beginning by choosing that linear 
combination of the iterated vectors 6; and dy 
which makes the amplitude of the new vector as 
small as possible. Hence, we want to choose as 
our new vector 6, the following combination: 


b, b, ctyby, (65 ) 
where a, is determined by the condition that 


(b, — aod)? 


minimum. (66) 
This gives 


(67) 
Notice that 
(68) 


i.e. the new vector 6, is orthogonal to the origina! 
vector bp. 
We now continue our process. From 6, we 


proceed to 6b, by choosing the linear combination 
b, b, = ab, i Bobo, (69) 


and once more a, and 8» are determined by the 


condition that 5; shall become as small as poss 
This gives 


bib, bio 


ee b Bo= be : 


A good check of the iteration 5; is provided by 
condition 


bib) = bb, =8?. 


Hence, the numerator of 8) has to agree with t) 
denominator of a,. 

The new vector b, is orthogonal to both by and b 

This scheme can obviously be continued. The 
most remarkable feature of this successive mini- 
mization process is, however, that the best linear 
combination never includes more than three terms 
If we form 63, we would think that we should put 


b, = b; — ab, — B,b, os obo. (72) 


But actually, in view of the orthogonality of 6, to 
the previous vectors, we get 


7 baby bbe _ 
es pe 4 or. . 

& 8 
Hence, every new step of the minimization process 
requires only two correction terms. 

By this process a succession of orthogonal vectors 
is generated: 

SS eee (74) 

until the identity relation becomes exact, which 
means that 


b,,=0. (75) 


If the matrix A is not symmetric, then we 
modify our procedure as follows: We operate 
simultaneously with A and A*. The operations 
are the same as before, with the only difference 
that the dot products are always formed between 
two opposing vectors. The scheme is indicated 
as follows: 


by b; 
b, . b, — aby b; b;’ —_ ad; 


__ bob, ba"bo 
oo bob, bib, 


2 The idea of the successive orthogonalization of a set of vectors was pr 
ably first employed by O. Sz4sz, in connection with a determinant theo 
of Hadamard; ef. Math. és phys. lapok (in Hungarian) 19, 221 to 227, (19 
The method found later numerous important applications. 
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b, = b,; — ab, — Bobo b; =,’ —ab — Bob, 


—_ bib;_by'b, 
“bib; bib, 


bib; : 
bo= bbs 


b, b,— cb. — Bb, b;=b; —ayb;— Bb}, etc. 


Operationally the prime indicates multiplica- 
tion by the matrix A. Hence, the succession of 
b: vectors represents in fact a successive set of 
polynomials. Replacing A by the more familiar 
letter 2, we have: 


=1-by 
(2 — ay) by 
(a — a) b; — By In 
(a — ae) bo — B,b, 





— tm—1) 0m 1—Bm—25m 2=0} 

This gradual generation of the characteristic 
polynomial G(x) is in complete harmony with the 
procedure of the “progressive algorithm”, dis- 
cussed in section VI. In fact, the successive poly- 
nomials of the set (77) are identical with the 
polynomials found in the full columns of the progres- 
sive algorithm (60). This explains the existence of 
the recurrence relation 


Pm4i(Z) = (L—an)Pn(®)—Ba-ipn-i(z), (78) 


without additional y, 6, . . . terms. The 
existence of such a relation is a characteristic 
feature of the recurrent set of equations that are at 
the basis of the entire development. 

Although the new scheme goes basically through 
the same steps as the previously discussed “ pro- 
gressive algorithm”, it is in an incomparably 
stronger position concerning rounding errors. 
Apart from the fact that the rounding errors do 
not accumulate, we can effectively counteract their 
influence by constantly checking the mutual 
orthogonality of the gradually evolving vectors 
b, and 6}. Any lack of orthogonality, caused by 
rounding errors, can immediately be corrected by 
the addition of a small correction term." By this 
procedure the orthogonality of the generated 


* See section LX, eq 90. 


vector system does not come gradually out of gear. 

However, quite apart from the numerical advan- 
tages, the biorthogonality of the vectors 6, and 6; 
has further appeal because it imitates the behavior 
of the principal ares. This is analytically an 
eminently valuable fact that makes the transition 
from the iterated vectors to the principal axes a 
simple and strongly convergent process. 

In order to see the method in actual operation, 
let us apply it to the simple example of section 
VI. Here the matrix A is of third order, and 
thus we have to construct the vectors bp, b,, by, bs, 
and the corresponding adjoint vectors. We ob- 
tain the following results: 


by = 1 0 


b=—13 4 


— 23 
-=—141 —28 —79 by’ =—141 —69 279 


1677 _—141 
=r b=— =—141 


ay 


= — 11.89361702 


b.=0, 19.57446808, 4.25531914 


b:=0, —9.53191490, 5.44680854 
b5=0, —17.02127656, 3.40425542 
b;’=0, 16.34042562, —32.68085142 


— 163.40425746 


180.7876871 
” Bi —141 


5 
*  —163.4042553 
=—1.106382981 =1.158895443 


b,=0, 0, 0 b;=0, 0, 
The associated polynomials become: 
Po=1 
p(x) =2—-13 
P2(x) = (2 +11.89361702) (2x—13) 4+ 141 
=x? —1.106382982 — 13.61702126 
ps(x) = (2 + 1.10638298 1) (2? + 106382987 — 
13.61702126) —1.158895443 (2 — 13) 


=—7?— 16x 
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Cemparison with the scheme (60) shows that 
the coefficients of these very same polynominals 
appear in the full columns 0, 1, 2, 3, of the pro- 
gressive algorithm of section VI. 


VIII. Solution of the Eigenvalue Problem 
by the Method of Minimized Iterations 


The biorthogonal property of the vector system 
b,, 6° leads to an explicit solution of the eigen- 
value problem, in terms of the vectors 6,;. Let us 
first assume that the matrix A is of the nondefec- 
tive type, and let us analyze the vectors 5, in terms 
of the eigenvectors u;. The method by which the 
vectors 6, were generated, yields directly the 
relation 


b= pi (ur) U1 1 Pi (ue) a+ “e* + Pi(Um) Um: (79) 


If this relation is dotted with uj, we obtain, in 
view of the mutual orthogonality of the two sets 
of axes: 

by U = p(w) Ug: Uj. (80) 


Let us now reverse the process and expand the 
u, in terms of the 6;: 
uy; = yo t+ and; Pree + cim—10_-1. (81) 
The dotting by 6; yields: 


u,-b; 


ane . 
. b,-b; 
Let us denote the “norm” of b, by ox: 
o,=b,-b;, (83) 


while the norm of u, will be left arbitrary. Then 
the expansion (81) becomes: 


by . b b bm 1 
u,= +Pi(ud) | + P2(ud 5+ ih: + Pm-i (ui) © i 


(84) 


This expansion contains the solution of the prin- 
cipal axis problem. The eigenvectors u; are gen- 
erated in terms of the vectors 6, which are the 
successive vectors of the process of minimized 
iterations. The expansion (84) takes the place of 
the previous ‘‘S-expansion”’ (27), which solved the 
eigenvector problem in terms of the customary 
process of iteration. 

The adjoint axes are obtained in identical 
fashion: 


_& b; b; b,. 
u, =o, t Plus) g, t Palm) oot are + Pm—1(us) 5 : 
(85) 


The expansion (84) remains valid even in 
case of defective matrices. The only differen 
that the number of principal axes becomes 
than n since a multiple root u,, if substituted 
(84) and (85) cannot contribute more than 
principal axis.'* However, a defective matrix 
tually possesses less than n pairs of principal a 
and the above expansions give the general solu: 
of the problem. 

An interesting alternative of the expansion (\4 
arises if we go back to the original Fredholm 
problem and request a solution in terms of (he 
minimized vectors 6,;, rather than the simply iter- 
ated vectors of the expansion (17). One method 
would be to make use of the Schmidt series (Ss), 
expressing the u, of that series in terms of the 4,, 
according to the expansion (84). However, the 
Schmidt series holds for nondefective matrices 
only, while we know that a solution must exist 
for any kind of matrices. 

Hence, we prefer to proceed in a somewhat 
different fashion. We expand y directly in terms 
of the vectors b,: 


Y=Yobo+yibit. ~ .+Ym—1bm-r- (86) 


We substitute this expansion into the equation 
(1), replacing 6; by 


Di = Desi + rede + Be_rde-1. (87) 


Then we compare coefficients on both sides of the 
equation. The result can be described as follows: 

Let us reverse the sequence of the a,-coefficients 
and let us do the same with the 8,-coefficients. 
Hence, we define 


Ay — Ami 


By = Bm—2 


a = Am—2 


Bm -2> Bo 


Am | > Ay 


4 The reader is urged to carry through the process of minimized iteratio 
and evaluation of the principal axes for the defective matrix 


0 1 0 

0 0 l 

0 0 0 
which has only one pair of principal axes; (choose the trial vector in the f 
bo=b5=1, 1, 1). 
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We now construct the following “reversed” set 
of polynomials: 


Po =1 
Pi(z) =r— a 


P2(2) = (x—@) Pr (x) —f, 


Fin (2) = (2 —Gim—1) Pm—1 (2) — Bm—2P m2 (2) 
G(x) 
Then the solution of the Fredholm problem (1) 


is given by the following expansion: 


[Bin —1 T Pi (4) Om 2() bd» -2+ eo te Pm-—1(#) bo], 


: ae 
y Gu) 


(90) 
where we have put 
] 


== . ¢ 
w= (91) 


The expansion (90) is completely general and 
remains valid, no matter how the vector 6, of the 
right side was given, and how regular or irregular 
the matrix A may be. The only condition to be 
satisfied is that the vector 6;—while otherwise 
chosen arbitrarily—shall be free of accidental 
deficiencies, i. e., 65 shall not be orthogonal to 


€ 
some uy, if by is not simultaneously orthogonal to 


The expansion (90) leads once more to a solu- 
tion of the eigenvector problem, this time obtained 
with the help of the “reversed” polynomials 
p(x): 

UF bm 1 +P: (ui) Om 2 T + Pm —1 (ui) bp. (92) 
The expansions (92) and (84) actually coincide— 
except for a factor of proportionality—due to 


algebraic reasons. 


12 1.10638298 0 
SO 5.10638298 4 
—24 —2.89361702 


19.57446808 


In order to see a numericai example for this 
solution of the eigenvalue problem let us return 
once more to the simple problem of section VI. 
The minimized 6, and 6° vectors associated with 
this matrix were given at the end of section VII. 
together with the associated polynomials p,(,). 
We now construct the reversed polynomials 
pds). For this purpose we tabulate the a, 
and B;: 

13 —141 
— 11.89361702 1.158895443 
—1.106382981 


We reverse the sequence of this tabulation: 


—1.106382981 
—11.89361702 1.58895443 
13 —141 


and construct in succession: 
Po=1 
Pi (2) =2£+-1.106382981 
P2(x) = (x +-11.8361702) D, (x) — 1.58895443 
=27?+-13r+12 
Ps(x) = (x — 13) Po(x) +141 
r’—l6r 


The last polynomial is identical with p;(r) =G(~). 
The zeros of this polynomial are: 


m=O, a4, Ma —4; 


substituting these values into P.(u), D;(u), Dy we 
obtain the matrix: 


12 1.10638298 1 
80 5.10638298 1 
—24 —2.89361702 ] 


The product of this matrix with the matrix of the 
b, vectors gives the three principal axes u;: 


12 24 12 u(0) 
SO 40 40 J=] u(4) 
4.2553 1¢ S —16 u(—4) 
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in complete agreement with the previous result 
of section VI, but now obtained by an entirely 
different method. If the 6-matrix is replaced by 
the 6*-matrix, the adjoint u*(O), u*(4). 
u*(—4) are obtained. 


IX. The Lateral Vibrations of a Par 


In order to study the power of the method in 
connection with a vibration problem of large 
dispersion, the elastic vibrations of a bar were 
investigated. The bar was clamped at one end 
and free at the other. 
of the bar changes in the middle, as shown in 
figure 1. 


axes 


Moreover, the cross section 

















Figure 1. 
other; the moment of inertia makes a jump in the middle 
in the ratio 1:2. 


Elastic bar, clamped at one end, free at the 


The change of the cross section was such that the 
moment of inertia jumped from the value 1 to 2. 
The differential equation that describes the vibra- 
tions of such a bar is the following fourth-order 
equation: 


i dy 
dr? [ (2) 72 [Aw 


with the boundary conditions: 


y(0)=0 y’’(L) 0) 


y'(0)=0 yd) oS 


k(x) =1(0s2< 5 eta) 2()<rsi) (95) 


— 


The differential operator a/dr was replaced by the 
difference operator A/Ar, with da=1. The length 
of the bar was chosen as /=13, thus leading to a 
12 by 12 matrix; (since y(0)=y(1)=0). 

The first step was the inversion of the matrix. 
This was easily accomplished, since a matrix that 
is composed of a narrow band around the diagonal 
can be inverted with little laber. The eigenvalues 
u, Of the inverted matrix are the reciprocals of the 
original \,: 


(96) 
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The general theory has shown that the itera‘ 
scheme applied to an arbitrary matrix autom 
cally yields a biorthogonal set of vectors 6, and 
they can be conceived as the building blocks f; 
which the entire set of principal axes may be ge: 
ated. In the present problem dissipative fo: 
are absent, which makes the matrix A symme' 
and the problem self-adjoint. Hence, 

b, b, (Yi 
and we get through with a single set of iteration 

Now the general procedure would demand that 
we go through 12 minimized iterations before the 
stage b).=0 is attained. However, the study of « 
system with high dispersion has shown that in 
such a system the method of minimized iterations 
practically separates the various vibrational 
modes, starting with the highest eigenvalue and 
descending systematically to the lower eigenvalues, 
provided that we employ a trial vector by which 
weights the eigenvectors approximately accord- 
ing to the associated eigenvalues. In the present 
problem the trial vector 1, 0, 0 ., Was not used 
directly but iterated with the matrix A, and then 
iterated again. The thus obtained vector 6° 
was employed as the by of the minimized iteration 
scheme. 

The strong grading of the successive eigen- 
vectors has the consequence that in k minimized 
iterations essentially only the highest * vibrational! 
modes will come into evidence. This is of eminent 
practical value, since it allows us to dispense with 
the calculation of the very low eigenvalues (i. e., 
very high frequencies since we speak of the eigen- 
values of the inverted matrix), which are often of 
little physical interest, and also of little mathe- 
matical interest, in view of the fact that the 
replacing of the d operator by the A operator be- 
comes in the realm of high frequencies more and 
more damaging. 

Whether the isolation actually takes place or 
not can be tested with the help of the p,(z) poly- 
nomials, which accompany the iteration scheme 
The order of these polynomials constantly increases 
by 1. The correct eigenvalues of the matrix | 
are obtained by evaluating the zeros of the /as 
polynomial p,(2)=0. What actually happens 
however, is that the zeros of the polynomials 
pds) do not change much from the beginning 
If the dispersion is strong, then each new poly 
nomial basically adds one more root but correct> 
the higher roots by only small amounts. It | 








thus well possible that the series of largest roots 
in which we are primarily interested is practically 
established with sufficient accuracy after a few 
iterations. Then we can stop, since the later 
iterations will change the obtained values by negli- 
gible amounts. The same can be said about the 
vibrational modes associated with these roots. 

This consideration suggests the following succes- 
sive procedure for the approximate determination 
of the eigenvalues and eigenvectors (vibrational 
modes) of a matrix. As the minimization scheme 
proceeds and we constantly obtain newer and 
newer polynomials p,(x), we handle the last poly- 
nominal obtained as if it were the final polynomial 
pn(t). We evaluate the roots of this polynomial 
and compare them with the previous roots. 
Those roots that change by negligible amounts are 
already in their final form. 

A similar procedure holds for the evaluation of 
the eigenvectors u; Here the biorthogonality of 
the vectors 6, and 67 —which is reduced to simple 
orthogonality in the case of a symmetric matrix- 
is of very great help. Let us assume that the 
length of the vectors 6, is normalized to 1, by 
replacing 6; by b;/vo,. Then the expansions (84) 
and (85) show that the following matrix must be 
an orthogonal—although in the diagonal terms not 
normalized—matrix: 


Pile) P2(m1) _ Pm (us) ) 
Vo Vo VIm-1 

Pi(u2) = Pa (a)  Pm-i (#2) 
vo Vo VIm-1 


l Pi (bm) P2\bm) Pm—1 (im) 


. V% vo V% VIm-1 J 








The dot-product of any two rows of this matrix 
must come out as zero—thus providing us with a 
powerful check on the construction of the p, poly- 
nomials and the correctness of the roots y;, which 
are the roots of the equation p,(u)=0." In the 
case of strong dispersion, the transformation 
matrix (98) is essentially reduced to the diagonal 
terms and one term to the right and to the left of 
the diagonal; i. e., the eigenvector u, is essentially 
a linear combination of three b-vectors only, viz., 
be-2, by-:. and by. 


These general conditions are well demonstrated 
by the tabulation of the final results of the above- 
mentioned bar problem. The minimized itera- 
tions were carried through up to m=6. On the 
basis of these iterations the first six eigenvalues 
and the first five vibrational modes of the clamped- 
free bar were evaluated. The iterations were con- 
stantly watched for orthogonality. After obtain- 
ing a certain 5,, this 6; was immediately dotted 
with all the previous 6,;. If a certain dot-product 
b, + b; came out as noticeably different from zero, 
the correction term 


b,-b, 


Cr ae 
j 


b,, (99) 


was added to b,, thus compensating for the in- 
fluence of rounding errors. By this procedure the 
10 significant figure accuracy of the calculations 
was constantly maintained." 

The roots of the successive polynomials p,(x) are 
tabulated as follows: 


“) 


2256. 926071 
943939 48. 1610705 
943959 Q37755 5. 272311428 
943939 2037825 355958200 
943939 2037825 356260794 
943939 2037825 356269080, 


Ms 


1. 513923859 
582259337 0. 546327303 
. 5829955952 S9LLI7817 0. 2498132719 


'S Due to reasons of algebra, the orthogonality of the matrix (98) holds not 
only for the final m but for any value of m 

* In a control experiment that imitated the conditions of the vibrating bar 
but with a more regular matrix, the results were analytically predictable and 
the computational results open to an exact check. This example vividly 
demonstrated the astonishing degree of noninterference of orthogonal vectors 
The spread of the eigenvalues was 1: 3200. The trial vector he strongly 
over-emphasized the largest eigenvalue, containing the lowest and the highest 
eigenvectors with an amplitude ratio of 1: 10*; (this means that if the vector 
of the smallest eigenvalue were drawn with the length of 1 in., the vector of 
the largest eigenvalue, perpendicular to the previous one, would span the 
distance from Los Angeles to Chicago). The slightest inclination between the 
two vectors would fatally injure the chances of the smallest eigenvalue 
When the entire computation scheme was finished, the analytically required 
eigeavalues were computed and the comparison made. The entire set of 
eigenvalues, including the last, agreed with a marimum error of 2 units in the 
ninth significant figure, thus demonstrating that the method is completely 
free of the cumulation of rounding errors. The author is indebted to 
Miss Fannie M. Gordon, of the National Bureau of Standards, for the 
emninently careful and skilled performance of the computing operations 
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The successive orthogonal transformation ma- 
trices (98) show likewise strong convergence. 


We tabulate here only the last somputed trans- 
formation matrix (rounded off to four decimal 
places), which expresses the first six eigenvectors 


4 . 0028 
l 

—. 0316 

. 0044 

—. 0010 


. 0002 


l 0 
—. 0028 
0 
0 
0 


0 


1 





. 


We notice how quickly the elements fall off to 
zero as soon as we are beyond one element to the 
right and one to the left of the main diagonal. 
The orthogonal reference system of the 6, and 
the orthogonal reference system of the wu; are 
thus in close vicinity of each other. 

The obtained five vibrational modes uy . . ., us 
(us being omitted since the lack of the neigh 
bour on the right side of the diagonal makes the 
approximation unreliable) are plotted graphically 
in figure 2. 
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i A. i 4 Donal 

° 2 4 6 8 10 
Figure 2. The first five lateral vibrational modes of the elastic 
bar, shown in figure 1. 
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1 = 2256.04; wo — 48.20; ws = 5.36; pe = 1.58; ws = 0.59 


X. The Eigenvalue Problem of Linear In- 
tegral Operators 


The methods and results of the past sections 
can now be applied to the realm of continuous 
operators. The kernel of an integral equation 
can be conceived as a matrix of infinite order, 
which may be approximated to any degree of 
accuracy by a matrix of high but finite order. 
One method of treating an integral equation is 
to replace it by an ordinary matrix equation of 


. 0316 
—. 1520 
. 0335 
—. 0087 


272 


of 


malized 6,/ yo, vectors, making use of the ; 


Uy, Us in terms the first six 


of ps(u)=0. The diagonal elements are 


malized to 1: 


0 
0 
. OO81 
. 2693 
l 
. 3816 


0 
. 0004 
. 1497 
l 
—. 2793 


. 0779 


0 
0 
. 0249 
. 4033 
1 





J 


sufficiently high order. This procedure is, from 
the numerical standpoint, frequently the most 
satisfactory one. However, we can design meth- 
ods for the solution of integral equations that 
obtain the solution by purely analytical tools, 
on the basis of an infinite convergent expansion, 
such as the Schmidt series, for example. The 
method we are going to discuss belongs to the 
latter type. We will find an expansion that is 
based on the same kind of iterative integrations 
as the Liouville-Neumann series, but avoiding the 
convergence difficulties of that expansion. ‘The 
expansion we are going to develop converges 
under all circumstances and gives the solution of 
any Fredholm type of integral equation, no 
matter how defective the kernel of that integral 
equation may be.” 

Let us first go back to our earlier method of 
solving the Fredholm problem. The solution 
was obtained in form of the S-expansion (17). 
The difficulty with this solution is that it is based 
on the linear identity that can be established 
between the iterated vectors 6, That identity 
is generally of the order n; if n grows to infinity, 
we have to obtain an identity of infinite order 
before our solution can be constructed. That, 
however, cannot done without the proper 
adjustments. 

The later attempt, based on the method of 
minimized iterations, employs more adequate 
principles. We have seen thet to any matrix, 
A, a biorthogonal set of vectors b, and b; can 
be constructed by successive minimizations. ‘The 
set is uniquely determined as soon as the first 
trial vectors b) and bj are given. In the 
of the inhomogeneous equation (1) the right side 
b may be chosen as the trial vector bo, while by 
is still arbitrary. 


be 


case 


1? The Volterra type of integral equations, which have no eigenvalues 04 
eigensolutions, are thus included in our general considerations. 
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The construction of these two sets of vectors 
is quite independent of the order x of the matrix. 
If the matrix becomes an integral operator, the 
», and 6; vectors are transformed into a bior- 
‘hogonal set of functions: 


d(x), o (2), ¢2(z), 
(100) 


(2), ¢; (2), o:(2), 


which are generally present in infinite number. 
The process of minimized iterations assigns to 
any integral operator such a set, after @o(*) and 
@,(x) have been chosen. 

Another important feature of the process of 
minimized iterations was the appearance of a 
successive set of polynomials p,(u), tied together 
by the recurrence relation 


Pin (w) = (u— ay) Ps(u) —Bi_ipi-r (wu). (101) 


This is again entirely independent of the order n 
of the matrix A and remains true even if the 
matrix A is replaced by a Fredholm kernel A(z,£). 

We can now proceed as follows. We stop at 
an arbitrary p,(2) and form the reversed set of 
polynomials D,(u), defined by the process (88). 
Then we construct the expansion: 


Ym (x) = [m—1(2)+Pi(u)om-o(Z)+ ... 


bu 
Pm(u) 

+ DPm—1(u) do (x). (102) 
This gives a successive approximation process that 
converges well to the solution of the Fredholm 
integral equation 


y (x) —A\Ky(x) = do (2). (103) 

In other words: 
y(x) = lim y», (x). (104) 
By the same token we can obtain all the eigen- 
values and eigensolutions of the kernel KA(z,£), 
if such solutions exist. For this purpose we 


obtain the roots yu, of the polynomial p,,(u) by 
solving the algebraic equation 


Pm(u) =9. (105) 


The exact eigenvalues y; of the integral operator 
K(2,£) are obtained by the limit process: 


lim Pm(uid =0, (106) 


m-+a@ 


where the largest root is called y«,, and the sub- 
sequent roots are arranged according to their 
absolute values. The corresponding eigenfunc- 
tions are given by the following infinite expansion: 


Po(x) oe) 


+pi(u) + +s 


u(r) = lim a | 26 


+ pms (us) om a1), (107) 
all 


where 4; is the i“ root of the polynomial p,,(u)." 
As a trial function ¢(z) we may choose for 
example 


o)=const.=1. (108) 


However, the convergence is greatly speeded up 
if we first apply the operator K to this function, 
and possibly iterate even once more. In other 
words, we should choose ¢)=A-1, or even ¢@= A*1 
as the basic trial function of the expansion (107). 

We consider two particularly interesting ex- 
amples that are well able to illustrate the nature 
of the successive approximation process here dis- 
cussed. 

(A) The vibrating membrane. In the problem 
of the vibrating membrane we encounter the fol- 
lowing self-adjoint differential operator: 


-£ (xy’). (109) 

This leads to the eigenvalue problem 

d P 
~~ (ry’)=Ay(OS2r51) 
with the boundary condition 

y(1)=0. (111) 
The solution of the differential equation (110) is 
y=JS(2yrz), (112) 
where J,(z) is the Bessel-function of the order zero. 


The boundary condition (111) requires that \ shall 
be chosen as follows: 


2 
deme (113) 


where £&, are the zeros of Jo(z). 


% This expansion is not of the nature of the Neumann series, because the 
coefficients of the expansion are not rigid but constantly changing with the 
number m of approximating terms. 
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Now the Green's function of the differential 
equation (110) changes the differential operator 
(109) to the inverse operator, which is an integral 
operator of the nature of a symmetric Fredholm 
kernel function A(r,£). Our problem is to obtain 
the eigenvalues and eigenfunctions of this kernel. 

If we start out with the function @)(r)—1, the 
operation K@» gives 

l—z, 


and repeating the operation we obtain 


and so on. The successive iterations will be 
polynomials in x. Now the minimized iterations 
are merely some linear combinations of the ordi- 
nary iterations. Hence the orthogonal sequence 
¢:(z) will become a sequence of polynomials of 
constantly increasing order, starting with the 
constant ¢=1. This singles out the ¢,(z) as the 
Legendre polynomials P(x), but normalized to 
the range 0 to 1, instead of the customary range 
—1 to +1. The renormalization of the range 
transforms the polynomials P,(r) into Jacobi 
polynomials G,(p, q; z), with p=q=1 [8], which 
again are special cases of the Gaussian hypergeo- 
metric series F(a, 8, y; 2), in the sense of F(k+1, 
—k, 1; x); hence, we get: 


do l 
¢o; (x) =1—2r 
(xr) = 1—6r + 62? 


2r +302? — 207° 





The associated polynomials p,(z) can be obtained 
on the basis of the relation: 


Kom = On41+ OnGn+Bn—1On-1- (115) 
This gives: 
Py l 
Pi(xz) =2r—1 


(116) 
P2(x) = 2427— 182+ 1 





ps(x) =7 202° — 6002? +72r—1 J 


In order to obtain the general recurrence relat 
for these polynomials it is preferable to follow 
example of the algorithm (60) and introduce 
“half-columns” in addition to the full colun 
Hence, we define a second set of polynomials ¢ 
and set up the following recurrence relations: 


Pu(£) =nzqn—1 (2) —Pa-r (2) ) 
Qn (x) = 2(2n+ 1) pa(z) —qu_s(z)9 F 
We thus obtain, starting with py=1 and q 
and using successive recursions: 
Po= Qo=2 
Pilz) =2r—1 qi (4) =12x—8 
Po(x) = 242?—182r+1 q2(x) = 2402? — 1927 +18 


q(x) = 100802 — 8640.2" | 
12002 —32 


ps(x) =7202° — 
60027+7 22—1 
(118) 


The zeros of the p,(z) polynomials converge to 
the eigenvalues of our problem, but the conver- 
gence is somewhat slow since the original function 
@=1 does not satisfy the boundary conditions 
and thus does not suppress sufficiently the eigen- 
functions of high order. The zeros of the q, poly- 
nomials give quicker convergence. They are 
tabulated as follows, going up to q;(z): 


“1 


0. 6667 
69155 0. 1084 
. A9166016 . 130242 . OR5241 
. 69166027 16 
. 6916602760 


(119) 


. 131254 = | 2051130 . 014842 
- 1127115 0532914 . 025582 00729 


. 6916602761 . 19127123 | . 0534138 | . 028769 =. O1704 


The last row contains the correct values of the 
eigenvalues, computed on the basis of (113): 


hy 5° (120) 
g; 
We notice the excellent convergence of the scheme 
Ls hl ° . . 
lhe question of the eigenfunctions of our prob- 
lem will not be discussed here. 
(B) The vibrating string. Even modes. Another 
interesting example is provided by the vibrating 
string. The differential operator here is 
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with the boundary conditions 

y(£1)=0. (122) 
The solution of the differential equation 

-< y=ry (123) 


under the given boundary conditions is: 
oa, A T © 
y;=cos (2i+1) 5 4 (even modes). (124) 


Y,=Sin jrz (odd modes). (125) 


This gives the eigenvalues: 


2i+1 \ : 
ri, -( S r) (even modes) , (126) 

and 
y= (jr)? (odd modes). (127) 


If we start with the trial function ¢,=1, we will 
get all the even vibrational modes of the string, 
while @)=-< will give all the odd vibrational modes. 
We first choose the previous alternative. 

Successive iterations give 


» s 1 
A-l=3~3 

ie (128) 
Raat 


and we notice that the minimized iterations will 
now become a sequence of even polynomials. The 
transformation x? =£ shows that these polynomials 
are again Jacobi polynomials G@,(p, q; 2°), but now 
p=q=}, and we obtain the hypergeometric fune- 
tions F'(k+4,—k, 4; 2”): 


go = l 7 
(x) =1—32? 
$2(4) =3 —302?+- 352" > (129) 


¢3 (4) = 5 — 1052? +3152 — 23 12° 





275 


Once more we can establish the associated 
polynomials p,(z), and the recurrence relation by 
which they can be generated. In the present case 
the recurrence relations come out as follows: 


Pa(x) = (4n—1) rns (2) — Pai (2) 
(130) 
Qn(x) = (4n+1) p(t) —Gn-i(2) 


starting with po=1, go=1. This yields 





Po=l 1 
Pilz) =3r—1 
Po(x) = 1052°—452+ 1 
Ps(x) = 103952° — 47252? 4-2102—1 

ans > (131) 
qi (x) = 15r—6 
q2(a) = 9452? —42024-15 
93 (2) = 1351352° — 623702? +- 31502 —28 

4 


nn * . 
rhe successive zeros of the q,(z) polynomials, 
up to q;(#), are tabulated as follows: 


My My My My Ms 
0. 40000 
. 405059 0. 02351 
. 405284733 044856 0. 011397 
. 4052847346 04503010 . 015722 | 0.00455 
. 4052847346 04503 16322 016192 00752 «0. 00216 


"4052847346 | 0450316371 016211 00827 |. 00500 
The last row contains the correct eigenvalues, 
calculated from the formula: 


2 1) x 
m=(sr44 ~)- (132) 


The convergence is again very conspicuous. 

(C) The vibrating string. Odd modes. In the 
case of the odd modes of the vibrating string, the 
orthogonal functions of the minimized itera- 
tions are again related to the Jacobi. polynomials 
G, (p,q; 2), but now with p=q=3/2. Expressed in 
terms of the hypergeometric series we now get the 
polynomials of odd orders 
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¢o) (x) = 32—5r 


o (4) = 1dr — 702° + 632° > (133) 


o;3(4) = 352 —3 152° 4+- 6932°— 42927 





4 


The associated p,(z) polynomials are generated 
by the following recurrence relations: 


Pala) = (4n+ 1) 2qn—1(2) — Pa-1 (2) ) 


>» (134) 


Qn (tL) = (4n +3) Pal(Z) —Ga-i (2) j 


starting with po=1,q=—3. We thus get 


Po=1 


pPi(z)=15r—1 


Po(x) = 94527 — 1052+ 1 


Pa(z) = 1351352" — 1732527 + 3782r—1 


” > (135) 


Yo 


qi (x) = 1052 — 10 


q2(4) = 103952? — 12602r+-21 


Qa(x) = 20270252" — 27027 02? +- 69302 — 36 








3 


The table of the zeros of q,(z), up to q;(x), is 
given as follows: 


My 


0. 0052 
101% 
10132106 
101321 1836 
101321 1836 


0. 01995 
. 02500 
025323 
02533024 


0. 00701 
01068 
011215 


0. 00307 


. 00550 00156 


1013211836 . 025330296 011258 00633 00405 


The last row contains the correct 
calculated on the basis of the formula: 


eigenvalues 


(136) 


XI. The Eigenvalue Problem of Linear Dif- 
ferential Operators 


Let Dy(x) be a given linear differential operator, 
with given homogeneous boundary conditions of 
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sufficient number to establish an eigenvalue p: 
lem. The problem of finding the eigenvalues 

eigenfunctions of this operator is equivalent to 
problem of the previous section in which the eix 
value problem of linear integral operators was 
vestigated. Let us assume that we know 

Green’s function A(z,£) of the differential equa: 


Dy=p. (I 


Then K is the reciprocal operator of D which pos- 
sesses the same eigenfunctions (principal axes 
the operator ), whereas the eigenvalues of K are 
the reciprocals of the eigenvalues of D. 

Hence, in principle the eigenvalue problem of 
differential operators needs no special investiga- 
tion. Actually, however, the situation in most 
cases is far less simple. The assumption that we 
are in the possession of the Green’s function asso- 
ciated with the differential equation (137) is often 
of purely theoretical significance. Even very 
simple differential operators have Green’s fune- 
tions, which are outside the limits of our analytical 


ais 


possibilities. Moreover, even if we do possess 
the integral operator A in closed form, it is still 
possible that the successive integrations needed 
for the construction of the successive orthogonal 
functions ¢(7), @(2), . . . go beyond our analyt- 
ical facilities. 

In view of this situation we ask the question 
whether we could not relax some of the practically 
too stringent demands of the general theory. We 
may lose somewhat in accuracy, but we may gain 
tremendously in analytical operations if we can 
replace some of the demands of the general theory 
by more simplified demands. The present section 
will show how that may actually be accomplished. 

Leaving aside the method of minimized itera- 
tions, which was merely an additional tool in our 
general program, the basic principle of our entire 
investigation, if shaped to the realm of integral 
operators, may be formulated as follows: 

We start out with a function fo(z), which may 
be chosen as fo(z)=1. We then form by iterated 
integrations a set of new functions 


Fi (x) = Kfo(x) , fo(x) =Kfi (x), . . . »$m(2) = Kf ma (2)- 


(138 


Then we try to establish an approximate linea: 
relation between these functions, as accurately 2s 
possible. For this purpose we made use of the 
method of least squares. 

We notice that the general principle involves 





two processes: (a) the construction of the iterated 
set (138): (b) the establishment of a close linear 
relation between them. It is the first process 
where the knowledge of the integral operator 
K—D" is demanded. But let us observe that 
the relation between the successive /-functions 
can be stated in reverse order. We then get: 


fy. (0) fm—1(2) = DF m(x), .~ + sfo(2)=Dfi@). (139) 


If we start with the function f,,(z), then the sue- 
cessive functions of lower order can be formed 
with the help of the given D operator and we can 
completely dispense with the use of the Green’s 


function. 

Now the freedom of choosing f)(7) makes also 
f(r) to some extent a free function. Yet, the 
successive functions f,(z) do not have the same 
degree of freedom. Although f,(z) need not sat- 
isfy the given boundary conditions, f,(z) of neces- 
sity satisfies these conditions, whereas f,(z) satisfies 
them more strongly, since not only f,(z) but even 
Dix) satisfies the given boundary conditions. 
Generally, we can say that an arbitrary /,(7) need 
not satisfy any definite differential or integral 
equation, but it is very restricted in the matter of 
boundary conditions: it has to satisfy the bound- 
ary conditions “to the n™ order.” This means 
that not only /,(2) itself, but the whole series of 
functions: 


4, (2), Df, (x), Df (x), . . . D®"Fa(z), (140) 


have to satisfy the given boundary conditions. 

To construct a function f,(z) with this property 
is not too difficult. We expand /,(x) into a linear 
set of powers, or periodic functions, or any other 
kind of functions we may find adequate to the 
given problem. The coefficients of this expansion 
will be determined by the boundary condi- 
tions that are satisfied by f,(7) and the iterated 
functions (140). This leads to the solution of 
linear equations. In fact, this process can be 
systematized to a regular recurrence scheme that 
avoids the accumulation of simultaneous linear 
equations, replacing them by a set of separated 
equations, each one involving but one unknown. 

We have thus constructed our set (138), al- 
though in reverse order. We did not use any 
integrations, only the repeated application of the 
given differential operator D. The first phase of 
our problem is accomplished. 


We now turr + the second phase of our program, 
viz., the estal aent of an approximate linear 
relation between the iterated functions f,(r). The 
method of least squares is once more at our dis- 
posal. However, here again we might encounter 
the difficulty that the definite integrals demanded 
for the evaluation of the a; and 8; are practically 
beyond our means. Once more we can simplify 
our task. The situation is similar to that of 
evaluating the coeflicients of a Fourier series. 
The “best” coefficients, obtained by the method 
of least squares, demand the evaluation of a set 
of definite integrals. Yet we can get a practically 
equally close approximation of a function f(x) by 
a finite trigonometric series f(z), if we use the 
method of “trigonometric interpolation.”’ In- 
stead of minimizing the mean square of the error 
f(x) —f(x), we make f(z) equal to f(x) at a sufficient 
number of equidistant points. This leads not to 
integrations but to simple summations. 

The present situation is quite analogous. To 
establish a linear relation between the f,(z) means 
that the last function f,,(z) is to be approximated 
by a linear combination of the previous functions. 
Instead of using the method of least squares for 
this approximation we can use the much simpler 
method of interpolation, by establishing a linear 
relation between the successive f/,(z) in as many 
equidistant points as we have coefficients at our 
disposal. For the sake of better convergence, it 
is preferable to omit f,(z)—-which does not satisfy 
the boundary conditions and thus contains the 
high vibrational modes too pronounced)y—and 
establish the linear relation only from f,(2) on. 
For example, if we constructed a trial function 


f;(a) which, together with the iterated f,(2) = Df; (x) 


and doubly iterated f,(s)=D*f(r) satisfies the 
given boundary conditions, then we can choose 
two points of the region, e.g., the two endpoints, 
where a linear relation of the form 


f(x) + acf2(x) + Bf (x) =0, (141) 


shall hold. This gives the characteristic poly- 
nomial G(z) in the form 


G(x) =2*+-ar+8. (142) 


The two roots of this polynomial give us an ap- 
proximate evaluation of the two highest y,, (or 
the two lowest \,), i.e., w=1/A;, and we=—1/d., 
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whereas the corresponding eigensolutions are 


obtained by synthetic division: 


G(z) 


eet 


G(x) “ae 
g, 2+Q. 
l—pm J: 2792 
which gives 


u(r) =g felx) +9 fi) 


(144) 
uy(2) =9i' fo(x) +95 f(z) 


(The last root and its eigenfunction are always 
considerably in error, and gives only rough in- 
dications.) 

The remarkable feature of this method is that 
it completely avoids any integrations, requiring only 
the solution of a relatively small number of linear 
equations. 

The following application of the method demon- 
strates its practical usefulness. The method was 
applied to obtain the first three eigenvalues of the 
lateral vibrations of a uniform bar, clamped at 
both ends. The given differential operator is here: 
d‘y 
Dy dr‘ 


with the boundary conditions 


y(+1)=0 y’(+1)=0. 

Only the even modes were considered, expanding 
y(z) into even powers of x. The approximations 
were carried out to first, second, and third order. 
The obtained eigenvalues are tabulated in the 
following table, the last row containing the correct 
eigenvalues given by Rayleigh [9] 


0. 03823413 
OS 19686, 
O38 1963958 


0 0007932 


OO1087> =| A. QO0078S 


0. 0S 1965996 0. 0010046 0. 0001795 


We notice that the general convergence behavior 
of this method is exactly the same as that of the 
analytically more advanced, but practically much 
more cumbersome, method of minimized iterations. 


XII. Differential Equations of Seco 
Order; Milne’s Method 


If a linear differential equation of second « 
with two-end boundary conditions is changed 
a difference equation and then handled as a m; 
problem, singularly favorable conditions exis 
the solution of the eigenvalue problem. The :ia- 
trix of the corresponding difference equation  on- 
tains only diagonal terms plus one term to the r chi 
and one to the left. If we now start to iterate with 
the trial vector 


&=1,0,0,...,9, (145) 


we observe that the successive iterations grow by 
one element only, as indicated in the following 
scheme where the dots stand for the nonvanishing 
components: 


> (146) 





Under these conditions the establishment of the 
linear identity between the iterated vectors is 
greatly simplified since it is available by a succes- 
sive recurrence scheme. The coefficients of the 
equation 


bn + Grbn-1+Gabn-2+ +gnb=0, (147) 


are directly at our disposal, since the last column 
of the last two vectors gives g,, then the previous 


column gives 4,, , until finally the first 
column gives g,. The construction of the basic 
polynomial G(x) is thus accomplished and the 
eigenvalues \,'° directly available by finding the 
roots of the equation G@(A)=0. 

Professor W. E. Milne of the Oregon State Col- 
lege and the Institute for Numerical Analysis, 
applied the general theory to this problem, but 
with the following modification. Instead of iterat- 


8 We call the eigenvalues here \4, since the operator D is not inverted 
an integral operator K. 
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ing with the given matrix A, Milne considers the 
regular vibration problem 


o*u 


52 + Du=0, (148) 


where the operator D has the following signifi- 


canee:™” 


Du=-— [et nto) | u(z,t). (149) 


The differential equation (148) is now converted 
into a difference equation, with Ar=At=h. 
Then the value of u(th, jh) are determined by 
successive recursions, starting from the initial 
conditions 


u(ih, 0)=1,0,0,0,...,0, (150) 


and 


u(ih, hy) =u(ih, —h). (151) 
The linear identity between the n+ 1 vectors 
u(ih, 0), u(th, h), , uth, nh), (152) 


leads to a trigonometric equation for the character- 
istic frequencies »;, of the following form 


+ Ay=0. 
(153) 


cos nyA’+A,_, cos (n—1)vh+ 


We then put 
j=". (154) 


On the other hand, the regular iteration method 
gives the eigenvalues \, of the operator Au, de- 
fined in harmony with the operator Du but with 
the modification that the operation d/dz is re- 
placed by the operation A/Ar. The X, are in the 
following relation to the v, of eq 153 and 154: 


2 


° t 
sin 9 Vi 


h (155) 
9 


It is of interest to see that the values (154) of 
Milne are much closer to the true eigenvalues than 
the values obtained by iterations. The values 
of Milne remain good even for high frequencies, 
whereas the iteration method gives gradually 
worse results; this is to be expected since the error 
committed by changing the differential equation 

* See J. Research NBS 45, 245 1950 RP2132. The variable “s” of Milne is 


changed to z and his »* to 4, to avoid conflicts with the notations of the 
present paper. 


to a difference equation must come into evidence 
with ever increasing force, as we proceed to the 
vibrational modes of higher order. 

The following table illustrates the situation. 
It contains the results of one of Milne’s examples; 
(“Example 1”). Here 


(156) 


with the boundary conditions: 
u(0) =u(1) =0. (157) 


1 - 
Moreover, Ah was chosen as % and n=7. The 


column yx gives the correct frequencies, the 
column yA; gives the frequencies obtained by 
Milne’s method, while the column vo gives the 
frequencies obtained by the iteration method. 


3. 2069 
6. 3628 
9. 4777 
12. 6061 
15. 7398 
18. 8761 
22. 0139 15. 6629 


Noe Whe 


Actually, it is purely a matter of computational 
preference whether we follow the one or the other 
scheme since there is a rigid relation between the 
two schemes. The frequencies », obtained by 
Milne’s method are in the following relation to 
the frequencies 7, obtained by the matrix iteration 
method: 


(158) 


Hence, the results obtained by the one scheme can 
be translated into the results of the other scheme, 
and vice versa. 

This raises the question, why it is so beneficial 
to transform the frequencies >, of the Av operator 
to the frequencies v, by the condition 


h ee 


2% = _ “ 15 
sin hae Bas (159) 


The answer is contained in the fact that the cor- 
rection factor 


(160) 
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is exactly the factor that compensates for the 
transition from du/dr to Au/Az, if u(x) is of the 
following form: 


u(r) =C, sin (vaxt+,), (161) 
where the constants C,; and 6; are arbitrary. 

Now it so happens that for large frequencies », 
the first term of the operator (158) strongly over- 
shadows the other terms. The differential equa- 
tion of the eigenvalue problem for large v, thus 
becomes asymptotically: 


Pu 


+vfu,=—0, 
dy 


(162) 


the solution of which is given by (161). This 
asymptotic behavior of the solution for large 
frequencies makes it possible to counteract the 
damaging influence of the error caused by the 
initial transition to the difference equation. The 
correction is implicitly included in Milne’s solu- 
tion, while the results of the matrix iteration 
scheme can be corrected by solving eq 159 for 
the »,.”' 


XIII. More-Dimensional Problems 


The present investigation was devoted to 
differential and integral operators that belonged 
to a definite finite range of the variable z. This 
variable covered a one-dimensional manifold of 
points. However, in many problems of physics 
and engineering the domain of the independent 
variable is more than one-dimensional. A few 
general remarks may be in order as to the 
possibility of extending the principles and methods 
of the present investigation to manifolds of higher 
dimensions. 

Although the general theory of integral equa- 
tions reveals that the fundamental properties of 
an integral equation are essentially independent 
of the dimensionality of the variable z, yet from 
the practical viewpoint the eigenvalue problem 
of higher dimensional manifolds does lead to 
difficulties that are not encountered in manifolds 
of one single dimension. The basic difference is 
that an essentially more-dimensional manifold of 

| This experience is valuable, since in many cigenvalue problems similar 
conditions hold; the eigenfunctions of large order can often be asymptotically 
estimated, in which case the error of the A-process may be effectively cor- 


rected. For example the values w; found in section IX for the lateral vibra- 
tions of an inhomogeneous bar may be corrected as follows: 


mi Uncorrected: 2256.9044, 48.2038, 5.3563, 1.5830, 0.59, (0.25) 


mi Corrected: 2258.924, 48.4977, 5.4577, 1.6407, 0.62, (0.28) 


eigenvalues is projected on a one-dimens 
manifold, thus causing a strong overlappir 
basically different vibrational modes. A 
example is provided by the vibrational n 
of a rectangular membrane. The eigenvalu 
here given by the equation 


A= a,?m,?+ a,"m,”, 


where m, and m, are two independent intevoers, 
while a, and a, are two constants determined by 
the length and width of the membrane. 

As another illustration, consider the bewildering 
variety of spectral terms that can be found within 
a very narrow band of frequencies, if the vilbra- 
tional modes of an atom or a molecule are studied. 
To separate all these vibrational modes from each 
other poses a difficult problem that has no analogue 
in systems of 1 degree of freedom where the differ- 
ent vibrational states usually belong to well sep- 
arated frequencies. 

It is practically impossible to expect that one 
single trial function shall be sufficient for the 
separation of all these vibrational states. Nor 
does such an expectation correspond to the actual 
physical situation. The tremendous variety of 
atomic states is not excited by one single exciting 
function but by a rapid succession of an infinite 
variety of exciting functions, distributed accord- 
ing to some statistical probability laws. To imi- 
tate this situation mathematically means that w: 
have to operate with a great variety of trial 
functions before we can hope to entangle the very 
dense family of vibrational states associated with 
a more than one-dimensional manifold. 

In this connection it seems appropriate to say 
a word about the physical significance of the 
“trial function” »(z) that we have employed for 
the generation of an entire system of eigenfune- 
tions. At first sight this trial function may appea! 
as a purely mathematical quantity that has no 
analogue in the physical world. The homogeneous 
integral equation that defines the eigenvalues, and 
the eigenfunctions, of a given integral operator, 
does not come physically inte evidence since 
the domain of physical reality there is always 4 
“driving force” that provides the right side of the 
integral equation; it is thus the inhomogeneous 
and not the homogeneous equation that has direc! 
physical significance. 

If we carefully analyze the method of successive 
approximations by which the eigenvalues and the 
eigenfunctions of a given integral operator were 
obtained, we cannot fail to observe that we have 
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basically operated with the inhomogeneous equa- 
tion (103) and our trial function (x) serves 
merely as the “exciting function” or ‘‘driving force.” 
Indeed, the solution (107) for the eigenfunctions 
is nothing but a special case of the general solu- 
tion (102), but applied to such values of the param- 
eter \, which make the denominator zero. This 
means that we artificially generate the state of 
“resonance’’, Which singles out one definite eigen- 
value A, and its associated eigenfunction ¢,(«). 

From this point of view we can say that, while 
the separation of all the eigenfunctions of a multi- 
dimensional operator might be a_ practically 
insuperable task—except if the technique of 
“separation”’ is applicable, which reduces the more- 
dimensional problem to a succession of one- 
dimensional problems—yet it might not be too 
difficult to obtain the solution of a given more- 
dimensional integral equation if the right side 
(i. e., physically, the “driving force’’) is given as 
a sufficiently smooth function that does not con- 
tain a too-large variety of eigenfunctions. Then 
the convergence of the method may still suffice 
for a solution that gives the output fynction with 
a practically satisfactory accuracy. This is the 
situation in many antenna and wave-guide 
problems that are actually input-output problems, 
rather than strict resonance problems. In other 
words, what we want to get is a certain mixture 
of weighted eigenfunctions, which appear physi- 
cally together, on account of the exciting mecha- 
nism, while the isolation of each eigenfunction 
for itself is not demanded. Problems of this 
type are much more amenable to a solution than 
problems that demand a strict separation of the 
infinite variety of eigenfunctions associated with 
a multi-dimensional differential or integral oper- 
ator. To show the applicability of the method 
to problems of this nature will be the task of a 
future investigation. 


XIV. Summary 


The present investigation establishes a syste- 
matic procedure for the evaluation of the latent 
roots and principal axes of a matrix, without 
constant reductions of the order of the matrix. 
A systematic algorithm (called “progressive 
algorithm”) is developed, which obtains the linear 
identity between the iterated vectors in succes- 
sive steps by means of recursions. The accuracy 


of the obtained relation increases constantly, 
until in the end full accuracy is obtained. 

This procedure is then modified to the method 
of “‘minimized iterations’, in order to avoid the 
accumulation of rounding errors. Great accuracy 
is thus obtainable even in the case of matrices 
that exhibit a large dispersion of the eigenvalues. 
Moreover, the good convergence of the method in 
the case of large dispersion makes it possible to 
operate with a small number of iterations, obtain- 
ing m successive eigenvalues and principal axes 
by only m-+l1 iterations. 

These results are independent of the order of 
the matrix and can thus be immediately applied 
to the realm of differential and integral operators. 
This results in a well-convergent approximation 
method by which the solution of an integral equa- 
tion of the Fredholm type is obtained by succes- 
sive iterations. The same procedure obtains the 
eigenvalues and eigensolutions of the given integral 
operator, if these eigensolutions exist. 

In the case of differential operators, the too- 
stringent demands of the least square method may 
be relaxed. The approximate linear identity be- 
tween the iterated functions may be established 
by interpolation, thus dispensing with the evalua- 
tion of definite integrals. Moreover, the itera- 
tions may be carried out with the given differen- 
tial operator itself, instead of reverting to the 
Green’s function, which is frequently not available 
in closed form. The entire procedure is then free 
of integrations and requires only the solution of 
linear equations. 


The present investigation contains the results 
of years of research in the fields of network analy- 
sis, flutter problems, vibration of antennas, solu- 
tion of systems of linear equations, encountered 
by the author in his consulting and research work 
for the Boeing Airplane Co., Seattle, Wash. The 
final conclusions were reached since the author's 
stay with the Institute for Numerical Analysis, 
of the National Bureau of Standards. The 
author expresses his heartfelt thanks to C. K. 
Stedman, head of the Physical Research Unit of 
the Boeing Airplane Co. and to J. H. Curtiss, 
Acting Director of the Institute for Numerical 
Analysis, for the generous support of his scientific 
endeavors. 
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Measurement of the Internal Diameters of Metallic 
Capillary Tubes 


By Charles T. Collett, John C. Hughes, and Francis C. Morey 


As a part of a cooperative research project of the National Bureau of Standards and 
the National Advisory Committee for Aeronautics on the viscosity of gases at elevated 
temperatures and pressures, it was found desirable to study the uniformity of the internal 


diameters of some metallic capillary tubes. 


This was accomplished by means of a small 


thread of mercury, using X-ray technique, following the method of Fisher. Eight tubes 
out of a group of twelve were selected as suitable for use in an absolute viscosimeter, and 
flow constants were computed. The tubes studied were about 15 feet long, with an internal 
diameter of about 0.015 inch. Maximum deviation from the average diameter in most 


cases was about 1.5 percent or less. 


I. Introduction 


A current cooperative research project of the 
National Bureau of Standards with the National 
Advisory Committee for Aeronautics involves the 
determination of the viscosity of gases at elevated 
temperatures and pressures, with particular refer- 
ence to exhaust gases. 

The method selected for the measurements is the 
classical capillary flow method, and in this connec- 
tion the need for the determination of the internal 
diameters of some metallic capillary tubes arose. 
For use in absolute determinations, it is necessary 
to know not only the average internal diameter of 
the tube, but also the effect of irregularities of the 
diameters upon the flow characteristics. 

Fisher! sleol this problem with glass capillaries 
by measuring the length of a small thread of mer- 
cury placed in the tube and moved along it by air 
pressure. Variations in the cross-sectional area are 
detected as changes in length of the mercury thread. 
This method is used in selecting uniform capillary 
tubes for high-grade thermometers. Since the mer- 
cury thread was very small, Fisher did not attempt 
to determine its volume by weighing, but calculated 
it from the weight of a much longer thread by a 
method that will be considered in detail later. 

The viscosimeter capillaries selected are metallic 
tubes of internal diameters about 0.015 in., wall 
thicknesses 0.005 to 0.014 in., and about 15 ft long. 
Manufacturers of such tubing were unable to onpely 
any data on variations of diameter of commercial 
tubing except those based on experience in measure- 
iments made on the ends of the tubes. All felt 
confident that the variations would be of the order 
of + 0.0005 in. or less. It was therefore decided to 
try to apply Fisher’s method to the problem by 
making X-ray photographs of mercury threads in 
the tubing. 


Il. Description of Apparatus and Method 


l. The short-thread measurements 


The apparatus used in the X-ray inspection of the 
capillary tubes is shown in figures 1 and 2. The 


W. J. Fisher, Phys. Rey. 28, 73 (1909). 


X-ray head, A, was suspended from a support so as 
to provide a beam directed vertically downward, 
through a slot in a lead shield, B. ‘The capillary 
tube was carried on a frame, C, arranged to slide 
under the shield. A clamp, D, and blocks, F, were 
provided to facilitate advancing the tube 1 in. 
between exposures. 

The capillary tube may be seen in figure 2 at F. 
It was held under slight tension in the frame and 
taped with cellulose tape to cross supports at inter- 
a of about 3 ft. A plate-holder, G, could be 
clamped to the lower side of the frame, holding the 
glass photographic plate, 17, enclosed in black paper 
envelope, tightly against the frame and in contact 
with the capillary tube. 

The mechanism used to advance the mercury 
thread is seen in figure 2. A plastic cylinder, /, 





Ficure 1. General view of apparatus. 


A, X-ray source; B, lead shield with exposure aperture; C, rack for holding 
capillary tube; D, adjustable stop for positioning rack; EF, removable blocks for 
positioning rack. 
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was attached to the capillary tube. A _ plunger 
operated by a micrometer screw, J, entered the 
cylinder through a packing sleeve. The cylinder 
was filled with a petroleum solvent oil, which entered 
the capillary and caused the mercury thread to move 
along the tube. A cushion of air about 4 in. long was 
always maintained between the thread and the oil. 
The plunger diameter was selected so as to cause 
the thread to advance | in. for each five divisions 
on the micrometer screw. 

It was not found possible to rely solely upon the 
settings of the micrometer screw in advancing the 
mercury thread, as any slight drift due to irregulari- 
ties of bore, temperature changes, or other factors 


Ficure 2. General view of apparatus. 


R, Lead shield; C, rack for holding capillary tube; F, capillary tube; G, plate 
holder with pressure springs; //, ge plate in paper envelope; /, liquid 
cylinder for positioning mercury slug; J, micrometer screw for advancing plunger. 


might cause the thread to travel out of the exposure 
field. For this reason, strips of film were placed 
under the supporting table, about 3 in. below the 
capillary and exposed simultaneously with the plate. 
These check films were developed in a rapid de- 
veloper and examined before making the next 
setting. Every fourth exposure was checked in this 
fashion. 

The photographs were made on spectrographic 
plates, 2 by 18 in., on each of which 17 exposures 
were made. An overlap of one frame was provided 
on successive plates, and in these frames a series of 
identification notches cut into the supporting frame- 
work provided a means of automatically recording 
the position and for carrying over the measurements 
from one plate to the next. All measurements were 
referred to a small marker, which was hard-soldered 
to the tube near one end. 

The apparatus was located in a subbasement 
corridor, in which temperature variations were found 
to be less than 0.5° C during the 6-hr period required 
for completing the 190 X-ray photographs of each 
tube. This was found to be sufficiently uniform to 
make temperature corrections unnecessary. 


Thread lengths ranged from approximate!. (9; 
to 0.40 in. Measurements of the lengths the 
thread images were made with a projection jer». 
scope at a magnification of about 50 p are In 
this apparatus, the plate being measured is © \acod 
upon a mechanical stage, displacement of whi): cay 
be measured with a micrometer screw read: iy ty 
0.0001 in. It was found that repeated measure: ents 
of the same photograph differed from the ay crage 
value by about +0.0002 in. The possibiliiy of 
shrinkage of the emulsion during processing and 
handling was eliminated by using glass plates and 
avoiding use of the portions near the edges. During 
the first part of the work, a ball of known diameter 
was photographed in each frame and _ its image 
measured. When no shrinkage was observed in many 
photographs, its use was discontinued. 

Cleaning agents were passed through the tubing 
with the aid of the house vacuum, and drying was 
accomplished by a current of air with moderate heat- 
ing obtained by passing an electric current through 
the tube. The tube was degreased with trichloroeth- 


ylene, dried; treated with concentrated nitric acid 
with heating nearly to boiling; rinsed with distilled 
water and thoroughly dried. 


2. The long-thread measurements 


As previously mentioned, it is not practical to 
determine the volume of the short mercury threads 
by direct weighing, as the mass is so small in pro- 
portion to a suitable container. It was therefor 
necessary to calculate this volume from the weigh: 
of a long mercury thread. The filling was accon- 
plished by a vacuum method that was found nece- 
sary to eliminate air pockets. The tube was attache! 
to a rotary oil-sealed vacuum pump. The opposite 
end was welded shut in a helium atmosphere with : 
tungsten electrode. The tube was then alternatel 
evacuated and flushed with helium, while bein 
heated electrically. This thoroughly dried the tulx 

The welded closure was then removed and _ the 
open end of the tube inserted in a mercury reservoir 
made from a thin-walled glass tube 2 or 3 mm in 
diameter and about 15 em long, which had _ been 
partially filled with mercury by vacuum distillation 
and had been weighed. The reservoir had a smuall 
bulb at the lower end so that air that might be car- 
ried down into the mereury by capillary action 
between the metal tube and the glass wall of the 
reservoir could not reach the end of the tube whea 
fully immersed. 

he tube extended vertically from the reservou 
for a distance of about 3 ft and then horizontally to 
the pump. When the pump was started, mercur 
entered the tube and partially filled the vertical 
section, acting as a barometer. Evacuation was 
continued for 10 to 15 min to insure thoroug! 
removal of the air above the mercury. The tube was 
then welded closed at the pump end by using the 
helium atmosphere and tungsten electrode. Nex! 
the mercury reservoir was slowly raised, permitting 
the mercury to flow in and fill the horizontal portion 
of the tube. 
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When the entire tube was horizontal and mercury 


ad ceased entering the capillary tube, the tube was 


‘ithdrawn from the mercury, but the end was kept 
sithin the reservoir. By gently warming the 
apillary tube, several drops of mercury were ex- 
velled and returned to the reservoir. Upon cooling, 
his left an air space several inches long near the end 
the tube. The tube was then closed by welding. 
‘he mercury reservoir was again weighed. The 
veight of mercury entering the tube was about 5 to 
g, and the initial weight of the reservoir approxi- 
nately 15 g, permitting a good measurement of the 
veight of mercury entering the tube. 

After filling, the length of the thread was deter- 
nined from » Bend photographs, which were made 
jthout moving the capillary between exposures, so 


as to minimize the ps eng ond for movement of the 
re 


hread inside the tube between exposures. After 
he end sections had been photographed, the entire 
ube was X-rayed and the photographs examined 
inder magnification of 50 diameters to detect possible 
oids in the thread. 


III. Method of Calculation 


The following method of calculation (except for 
orrections for height of meniscus) is essentially that 
ised by Fisher. The equation for laminar flow of a 
vas through a capillary tube, omitting corrections for 
lip, end effects, and expansion is 


r—™" (pi— p>) (1 
=, wt ES ) 
161 pn 
‘here 
F=volume of gas discharged per unit time, 
measured at pressure p 
r=radius of tube 
l=length of tube 
Pi: =entrance pressure 
p2.=exit pressure 
p=average of p, and p, 
n=viscosity of the gas. 
‘his may be rewritten 


16pr nl (2) 


(pi— p= ~ 


rhe tube may be considered to be made up of ele- 
nents in series, having slightly varying radii. For 
ach elemental length, di, 


d(p’) ats ¢, 


r 


(4) 


l6pF n . dl 


| d(p)=pi—23 


T ar 


‘here d is the diameter of the capillary tube (inside). 
Evaluation of the integral in the right-hand mem- 


ber is accomplished by measurement of the mercury 


hread. Neglecting, temporarily, the corrections due 


to the curvature of the ends, and assuming that we 
are dealing with a thread having flat ends, we let 
A=length of the thread 
()=cross-sectional area of the tube 
v=volume of the thread 
O=ar=v/r 
t s*h? 


r’ yp? 
Therefore, 


. I 2 *l. 
| o=5 | * ydl. (5) 
ir of Ja, 


If the observed values of \” are plotted as a function 
of the position of the center of the thread from an 


, _ “lg 
arbitrary origin on the tube, the value of , Nad 
1 


may be found graphically. The evaluation of v by 
direct weighing is difficult, because the sample is very 
small; in this case, averaging about 0.01 g. The 
volume may be calculated from the weight of a long 
mercury thread by the following means. 

The volume of an elemental section of the tube is 
related to the cross-sectional area of the tube by the 
equation 


dV =Qdl= > dl. 


The volume, V, of any portion of the tube can be 
found by integrating between appropriate limits. 


» fat . 
V= {. x dl. (6) 


Solving this equation for the volume of the thread, 

V 

o=—, — (7) 
dl 

ls A 
The volume, V, may be measured by means of a 
relatively long mercury thread, whose weight is great 
enough to be determined accurately by weighing. 
The integral is evaluated graphically. By substitut- 


ing eq 7 in eq 5 


‘edl (2, [eal 
4 ~ mil, wail {, vay, 


Combining eq 4 and 8 and solving for 7 gives 


Pi-Ps 


Vy? 
a 7 2° 
pk 16 | ‘wall | . ai] 
e ty . ls d 
The right-hand fraction thus becomes a calibration 


factor associated with the tube, corresponding to the 
constant mr*/16/ in eq 1. 


Vv? 
ee 
16r x24 [ I. : at] 


where K is the flow constant. 


n= (9) 


K (10) 
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Corrections for curvature of meniscus. The photo- 
graphs of the mercury threads, when examined under 
a magnification of 50 diameters, were found to have 
rounded menisci, which in most cases were nearly 
hemispherical. Several examples are shown in figure 
3, ranging from nearly perfect to badly distorted. As 
accurate measurement of the cylindrical portion of a 
thread would be difficult to make, it was decided to 
measure the over-all length and to reduce this obser- 
vation to the length of a thread of the same fotal 
volume having flat ends. This involves measure- 
ment of the heights of the curved menisci and the 
difficulty of observing the point of contact of the 
mercury surface with the tube wall, but since the 
corrections are small, this measurement need not be 
made with great precision. Furthermore, it was 
found bien to draw a circle on the screen of the 
projection microscope, and to use this as a test for 
curvature of the menisci. Those which conformed 
closely to the circle could be assumed to be hemi- 
spherical and the meniscus height, equal to the aver- 
age radius of the tube, used in computing the correc- 
tion. About 80 percent of the photographs were so 
treated. In the remaining cases, the heights were 
measured and corrections computed by the following 
method. 

In figure 4, A represents the observed meniscus 
height and r the tube radius. The shaded portion 
represents a cylindrical element having the same 
volume as the spherical segment. The volume, v, of 
a segment of a sphere of height A and radius of base 
ris 


l . . 
v 6 rh(h?+-3r’). (11) 
) 


This volume is equal to that of the cylindrical ele- 
ment, shaded in figure 4. As we wish to determine 
the change in length that the thread would undergo 
if it were altered from a curved to a flat end, we may 
denote the change of length by S, giving 


' ae 1. ons 
rr*(h —S) ; miu(h? + 3r*). (12) 
) 
Solving for S gives 


Ss A(3 ;): (13) 
6 ‘ 

Corrections varied from about 0.0034 in. for a well- 
rounded meniscus such as shown at A, figure 3, to 
about 0.0012 in. for a badly flattened one. The cor- 
rection for case #, figure 3, was 0.0014 in. 

Correction for target focus distance. Because of the 
finite distance of the X-ray source from the photo- 
graphic plate, the image of the thread is slightly en- 
arged. The amount of this correction was mini- 
mized by keeping the tube in close contact with the 
paper envelope enclosing the photographic plate, and 
by having the distance from the plate to the X-ray 
target as great as permissible with reasonable expo- 
sure time. The greatest magnification factor en- 
countered was 1.0016, giving a maximum correction 
of about 0.0005 in. 


Figure 8. Examples of typical photographs. 


A, Normal well-rounded meniscus; B, flattened meniscus; C, badly distorted 
meniscus 











+ Ste (h-s) 








Illustrating method of correcting for curvatur: 
meniscus. 


IV. Results of Measurements 


Figure 5 illustrates portions of typical graphs ©! 
’ and 1/A and the repeatability to be expected fron 
consecutive trials with the same tube. Since th 
thread volume could not be duplicated exactly in tl 
second trial, the plots are slightly displaced, but tl 
general configuration correlates well. 

Graphical integration was carried out in this as 
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FIGuRE 


Typical graphs of 1/X and used in graphical integration for calculating flow constants of capillary tubes. 


Two independent trials of the same tube illustrating degree of repeatability 


by a weighing method. The plots were prepared on 
strips of graph paper approximately 6 ft. long. The 
width of the strip depended upon the variations en- 
countered in the function, but was about 6 to 12 in. 
After plotting, the paper was cut along the pencil 
line and along the limits of integration. Each piece 
of paper was compactly folded and was weighed after 
conditioning overnight in the case of the balance, to 
achieve humidity equilibrium. The ratio of the 
weight of the lower section of the paper to the com- 
bined weight of the two parts was computed. The 
combined area calculated from the dimensions of the 
strip was multiplied by the ratio of the weights to 
give the area beneath the curve. 

This method of graphical integration is subject to 
errors due to nonuniformity of the paper, differences 
in the amount of inking of the ruling, and unequal 
soiling of the paper surface in handling. In this in- 
stance, the area integrated between the curve and 
the edge of the strip of paper was only a small per- 


TABLE 1. 


Pube number art lal 


Flow constant, 
Ke 


(trial } 3. 37! 3. 389 10-8 


trial 2 3% 3. 389 


3. 657 
3.0098 
3.733 


centage of the total area between the curve and the 
z-axis. In the integration of the \’ curves, the por- 
tion evaluated graphically was about 10 percent of 
the total area to the z-axis, whereas in the case of the 
1/\ integrals, it amounted to only about 3 percent. 
As a further check, the areas for tube 2 were com- 
puted by the trapezoidal rule and by Simpson's rule, 
and the results of both methods of computation 
agreed with that obtained by the weighing method 
within +0.1 percent. 

Values of the flow constant, A, are listed in column 
2 of table 1. For comparison, column 3 lists values 
of wr*/16 1, using for r the average radius calculated 
from the weight of a long mercury thread. 

Another method of illustrating the effect of irregu- 
larities in the tube is to compare the actual length of 
the tube with the length of an equivalent uniform 
tube whose radius is the same as that determined by 
the leng mercury thread. These tube lengths are 
presented in columns 4 and 5. 


Results of measurements of eight capillary tubes 


Maximum 
plus de- minus de- 
parture parture 
from from 
average average 
diameter diameter 


Me 1 
Length of faximum 


equivalent , Average 
tube of inside 
uniform diameter 
bore * 


Average 
departure 
from 
average 
diameter 


Length of 
tube 


in in Percent Percent 
160. 00 0.0145) as 0.98 0.47 
160. 00 0.4 O14) 1.46 1.11 43 
165. 29 i O14) ws 12 Pa] 
168. 00 iS. 38 4 1.13 45 21 
172. 69 72.6 5 1.49 1.10 35 
174. 00 74. ! 5s 2.45 1.06 44 
174.00 a lnw 1.24 1.08 aH 
174.00 O14 1.08 16 ay 
172.00 : O1514 1.2 1.40 “4 


Percent 


* The values presented in these columns are subject to an uncertainty of approximately +0.2 percent. 
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For any position of the short mercury thread, the 
diameter is inversely proportional to the square root 
of the thread length. 


d, Xo 
dy VX; tie, 


where dy) is the average diameter of the capillary 
tube. 

We may compute the percentage dev ation of the 
diameter at any point from the average diameter 
from the equation 


D 100 (4/1) (15) 


in which 
D=the percentage departure. 
\=the observed thread length. 


Xo =the average of the observed thread lengths. 


Columns 7 and 8 of table 1 list the maximum posi- 
tive and negative departures from the average 
diameter, and column 9 lists the average departure of 
the individual determinations from the average 
diameter. 

The tubes studied were not all made by the same 
manufacturing process. The starting material in 
each case was tubing having an outside diameter of 
approximately 14% in. Tubes 1 to 3 were drawn 


over steel mandrels through dies that reduced —}e 
diameter by about one-quarter at each step, unti! | he 
inside diameter was about 0.09 in. Thereafter +} 
reductions were accomplished without mandrels 
A second set of tubes (not listed in table 1) wore 
obtained from a manufacturer who drew the tules 
to the finish diameter over mandrels. It was found 
that the rolls used in loosening the tubing from the 
mandrels were not perfectly centered oat therefore 
produced a periodic variation in the diameters, which 
rendered the tubes unuseable. The variations 
amounted to as much as +5 percent. Attempts 
were made to eliminate these differences by succes- 
sive drawing through external dies, with slight 
diameter reduction. After four stages, the variations 
were somewhat reduced, but the periodic character 
persisted and the tubes were abandoned. Tubes 8 
to 12, with heavier walls, were then supplied by the 
same manufacturer. In a lot of six tubes, only one 
was found to have unsatisfactory characteristics, 


V. Summary 


It has been found practical to apply the method 
of Fisher to the determination of flow constants for 
metallic capillary tubing and to study the uniformity 
of such tubing by X-ray photograp ry of a mercury 
thread within the tube. Eight pieces of tubing were 
selected from a group of twelve, having a maximum 
deviation from the average diameter of 2.5 percent. 
Flow constants for these eight tubes were determined. 


Wasuinoron, April 18, 1950. 
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Mass Spectra of Some Simple Isotopic Molecules 


By Vernon H. Dibeler, Fred L. Mohler, Edmund J. Wells, Jr., and Robert M. Reese 


The mass spectra of H», D., T:, HD, and HT have been measured with a Consolidated 
mass spectrometer with 50-volts ionizing voltage and with a constant magnetic field. The 
following ratios of atom ions to molecule ions were observed: H*/H }=0.0201, D*/D% 


0.0096, T*/T3=0.0061, H*/HD*=0.0096, 


D*/HD* =0.0097,  H*/HT*=0.0085, and 


Tg/HT* =0.0068. The ratios for T, and HT were derived from spectra of two samples 
containing 91 and 37 atomic percent of T in equilibrium with H. Theoretical values for the 
ratios were computed for ionization involving transition into the =, state of the molecule ion. 
These values are lower than the observed ratios, because transitions to higher repulsive 
states contribute to the observed values at 50-volts ionizing voltage. ® 

Mass spectra of CO and CO, containing about 54 atom percent C™ were measured 
under standard pores conditions. For CO the ratio C"’*/C"’O*=—0.0540 and C®*+/- 


C80* = 0.0514. 
C®+/C8®O* = 0.0564, and C8+/C804 =0.0542. 


‘or CO), the ratios are 


C®O*/C®O5= 0.0868, C8O*/C8O0>= 0.0824, 


A theory of the isotope effect in CO involving simplifying assumptions indicates that 
the relative probability of producing C"* is 3.5 percent greater than the probability of pro- 
ducing C™*, as compared with an observed difference of 5 percent. 


I. Isotopic Hydrogen Molecules 
1. Introduction 


Mass spectra of H, and D, have been investigated 
frequently [1],! and a recent paper by Friedel and 


1 Figures in brackets indicate the literature references at the end of this paper. 


Sharkey [2] gives the spectrum of HD. The present 
research was undertaken because of the opportunit\ 
to obtain some very pure HD and a sample of tritium 
of relatively good purity. Hydrogenic spectra are of 
interest because it is possible to compute theoret- 
cally from the Franck-Condon principle the relative 
probabilities of producing atom ions from the differ- 
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ent isotopic molecules, and a comparison of theory 
and experiment gives information on the mechanism 
of dissociation. Stevenson [3] has carried out the 
theoretical computations for H, and D,. Data on 
these molecules are also of practical importance in 
the analysis of isotopic mixtures. 


2. Experimental Procedure 


A 180° Consolidated mass spectrometer was used, 
operated with a constant magnetic field requiring 
3.800 v to focus mass | and using an ionizing voltage 
of 50 v. Pumps were speeded up, and pressure in the 
ionization chamber was kept fairly low to maintain 
a high vacuum in the spectrometer. This is a neces- 
sary precaution [4] with hydrogen, but as a result the 
atom ion peaks are rather small for accurate measure- 
ment. There are no triatomic ions under these 
conditions. 

Very pure D, and HD were prepared by fractiona- 
tion at liquid hydrogen temperatures by Fookson, et 
al. [5] of this Bureau. HD was fractionated from 
crude HD prepared by the reaction of D,O and 
lithium aluminum hydride [6]. The tritium was 
obtained from Argonne National Laboratory and was 
91 percent of T and 9 percent of H. It was sepa- 
rated from He* 16 days before the spectrum was 
measured. A small correction amounting to 0.16 
percent was applied for He*® on the basis of a half-life 
of 12 years for tritium and the measured sensitivity 
(current per unit pressure) of He’. 

Table 1 gives the experimental results under 
columns headed “Expt.” Data for H, and D, are 
consistent with published results. Friedel and 
Sharkey [2] report for HD values of 0.82 percent for 
H* and 1.13 percent for D*. The value for D* of 
HD in table 1 is an upper limit assuming H} is zero. 
The value of 0.97 percent is the lowest value obtained 
in several experiments, but H} may contribute an 
amount of the order of 0.1 percent to mass 2. In 
the tritium both T, and HT are present and con- 
tribute to the mass 3 peak. The separate contribu- 
tions were evaluated by obtaining the spectrum of 
the original sample containing 9 percent of H, then 
adding hydrogen and equilibrating the mixture in 
contact with an incandescent filament to obtain a 
mixture of 67 percent of H and 33 percent of T and 
repeating the measurement. In the first spectrum 
T, was large and TH small, and in the second 
spectrum the reverse was true. From the two 
spectra, values are derived for both T*t/T} and 
T+ /TH*. 

Table 1 includes the sensitivity (current per unit 
pressure) for the molecule ions. They are nearly 
equal except for T,, which is about 10 percent lower 
than the other values. This is not surprising, as 
the ion accelerating voltage is only a third as much 


for T, as for Hy. 
3. Theory 


The ratio of atom ions to molecule ions can be 
computed by means of the Franck-Condon principle 
for the case of a transition from the normal state of 
hydrogen to the stable >, state of the molecule ion. 


TABLE 1. 


Mass spectra of hydrogen molecules 


Hy HD Dy HT 


5 
Sensitivity * 20.0 21. 2 19.5 


* Ion current per unit pressure in gas reservoir for the molecule ions in arbt- 
trary units. 


Dissociation into an atom ion occurs if a vertical 
line from the normal state intersects the potential 
energy curve of the molecule ion at a point above 
the dissociation limit of the molecule ion. That is, 
the fraction of molecules with atoms inside a critical 
internuclear distance r, will dissociate on ionization 
and, for H,, about 2 percent of the atoms fall inside 
r, and give atom ions. The potential energy curves 
of the Franck-Condon diagram and r, remain un- 
changed in isotopic molecules. However, the radial 
distribution of atoms in the normal state is narrower 
for the heavy isotopes. This materially reduces the 
small fraction of atoms that fall inside r,. Stevenson 
[3] has published computations for H, and D,, and 
we have extended the computations to the other 
isotopic molecules. The values included in table 1 
are subject to appreciable computational error, as 
they depend critically on the shape of the potential 
energy curves. 

Experimental values are not exactly comparable 
with the theoretical values, for atom ions can also 
be produced by transitions to higher repulsive states 
of the hydrogen ion; namely, the 2, state and the 
doubly ionized state. The most probable transition 
to a repulsive state requires about 10 v in excess of 
the threshold for appearance of atom ions and results 
in ions of high kinetic energy. These ions are not 
collected efficiently by the mass spectrometer, and 
consequently they make only a small contribution 
to the atom ion peak. Hagstrum and Tate [7] have 
studied mass spectra of diatomic molecules and 
velocity distribution of the atom ions and have inter- 
preted the results in terms of Franck-Condon dia- 
grams. Their results for H, show the magnitude of 
the contribution of the high velocity atom ions from 
repulsive states. 

The contribution of atom ions from repulsive 
states accounts for the fact that experimental results 
for 50-v electrons are always somewhat greater than 
the theoretical values. In the dissociation of HD 
the H* ion will have twice the kinetie energy of D*. 
In the mass spectrum obtained with a constant 
magnetic field the kinetic energy received from the 
electric field will also be twice as large for H*, so 
both ions should be collected with equal efficiency. 
Similarly H* and T* of HT should be measured with 
equal efficiency. The experimental observation that 
T* is less abundant than H* is unexplained. In 
other respects the experimental data seem quite con- 
sistent with theoretical predictions. 
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A mixture of D, and tritium was equilibrated in 
contact with an incandescent filament, but the spec- 
trum of the mixture containing six isotopic molecules 
in appreciable amounts was too complicated to per- 
mit derivation of the DT spectrum. Theoretical 
computations indicate that D* and T* will each be 
0.35 percent of DT*. 


II. Mass Spectra of CO and CO, 
1. Introduction 


One would expect to find isotope effects in the mass 
spectra of molecules other than hydrogen, but the 
isotope effects will be much smaller when there is a 
relatively small difference in the mass of the isotopes 
involved. There is ample evidence for such effects 
both in mass spectra and in thermal dissociation. 
Dibeler, Mohler, and Reese have reported such 
effects in the spectrum of nitrogen containing 65 per- 
cent of N™ [8]. Beeck, et al. [9] have reported that 
the dissociation probabilities of C’—C” and C?—C"™ 
bonds of molecule ions formed from propane—1—C™ 
differ by about 20 percent, whereas Stevenson, et al. 
[10] find that in the thermal cracking of this molecule 
there is an 8-percent greater frequency of rupture of 
C’—C" bonds than of C"’—C"™ bonds. Thermal 
decomposition of oxalic acid to give CO, CO,, and 
H.O has been studied by Lindsay, McElcheran, and 
Thode [11], and on the basis of the distribution of C™ 
in CO and CO, they concluded that the dissociation 
of a C’—O" bond is approximately 3.5 percent more 
frequent than the dissociation of a C—O" bond. 


2. Experimental Procedure 


We have measured the relative abundance of the 
ions containing C™ and C™ in the mass spectrum of 
carbon monoxide and of carbon dioxide with high 
concentration of C“. Carbon dioxide was evolved 
in vacuum by the action of concentrated sulfuric acid 
on barium carbonate containing 54 atom percent of 
C". A portion of the product was almost completely 
reduced to carbon monoxide over hot zine according 
to the method of Bernstein and Taylor [12]. Traces 
of carbon dioxide were removed in a@ liquid nitrogen 
trap. 

Mass spectra were obtained by using conventional 
techniques. The energy of the bombarding electrons 
was nominally 50 v, and the temperature of the 
ionization chamber was about 245°C. Data re- 
ported here were measured at constant magnetic 
field and varying ion accelerating voltage. In the 
case of CO,, however, spectra were also obtained at 
constant ion accelerating voltage by varying the 
magnetic field. These spectra differ slightly in the 
ratios CO*/CO! and Ct/COs, but the relative 
amounts of isotopic ions were the same within the 
estimated experimental error. 


3. Results 


Table 2 gives the mass spectra of carbon monoxide 
and carbon dioxide eT 54 atom percent C™. 
Corrections have been made for the contributions of 


oxygen isotopes to the isotopic peaks. Colun as | 
and 2 give the mass to charge ratio and th. joy 
species for carbon monoxide. Column 3 give. {hy 
abundance of each ion relative to the most abun Jan: 
ion, m/e=29. The ratio C?/C’O" equals 0.540. 
whereas the ratio C’/C™O" equals 0.0514. The 
ratio of these two values, 1.05, is a measure 0! the 
relative probability of dissociating a C?’—O" bond 
as compared with a C’—O" bond in the CO molecule 


Tarte 2. Mass spectra of CO and CO, containing 
approximately 54 atom percent of C® 


[Correction has been made for oxygen isotopes] 


Carbon monoxide | Carbon dioxide 


Positive Relative Positive Relative 
ion abundance ion abundane 


4.68 

44 

3.16 

| CBRor 86.7 
CHxorw | 100.0 


Columns 4, 5, and 6 of table 2 give the mass 
spectrum of carbon dioxide relative to the most 
abundant ion, m/e=45. For the dissociation of a 
single C—O bond, the ratio C?O"/C¥Os* equals 
0.0868, whereas the ratio C'O'"/C®O!} equals 
0.0824. Again, the ratio of these two values, 1.0), 
is a measure of the probability of dissociating 1 
C”—O" bond, as compared witha C—O" bond. — For 
the dissociation of two C—O _ bonds, the ratio 
C?/CPVO} equals 0.0564, whereas the ratio C’/C™O! 
is 0.0542. Rather surprisingly the ratio of thes 
values, 1.04, indicates that the dissociation of two 
C—O" bonds is only 4 percent more frequent than 
the dissociation of two C“’—O" bonds. Measure- 
ments made on a sample of carbon dioxide containing 
4 atom percent of C™ gave similar, though les 
accurate, results for the relative probability o! 
dissociating C"’—O" bonds and C—O" bonds 
The results on the preferential dissociation of : 
C”—O" bond compared with a C—O" bond in th 
ionization process are similar to the results o 
Lindsay, McElcheran, and Thode [11] on therma 
dissociation of oxalic acid. 

4. Discussion 

Similar effects of isotopes on the dissociatio! 
probabilities of other molecules have been observe: 
in this laboratory. From analysis of the mas 
spectrum of nitrogen [8] containing 65 atom percen! 
of N™ it was found that an N'*—N" bond dissociate: 
about 11 percent more frequently than an N“ 
bond. The relative probability of dissociating «! 
N"—N® bond was less accurately determined, u!' 
the value is intermediate between the values [0 
N}‘ and NY. 

It is to be expected that isotope effects in CO an 
N, can be explained in terms of the Franck-Condo! 
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principle, except for the difficulty that potential 
energy curves for the molecule ion states are not 
accurately known. D. P. Stevenson _im an un- 
published paper presented before the New Orleans 
meeting of mass spectrometer users in May 1950 
pointed out that the isotope effect in N, can be esti- 
mated without detailed knowledge of the wen 
potential energy curve. The observation that N* 
is about 6.7 percent of N}** indicates that in the 
radial distribution of atoms in the normal state, 
6.7 percent of the atoms fall inside the critical 
internuclear distance for dissociation in the ionized 
state. From the known distribution of atoms in the 
normal state, the critical internuclear distance can 
be computed. In N} the distribution of atoms will 
be reduced by an amount that will result in a 7- 
percent reduction of the fraction inside the critical 
internuclear distance. This is considered in sub- 
stantial agreement with the observed difference of 
1] percent. 

This interpretation is supported by the research 
of Hagstrum and Tate [7] on the velocity distribu- 
tion of atom ions as related to the Franck-Condon 
diagrams. The velocity distribution of N* ions 
indicates that dissociation comes primarily from a 
process of the type postulated by Stevenson. This 
is also true of C* from CO. On the basis that 5.4 
percent of C atoms of CO" fall inside the critical 
internuclear distance, it is estimated that in C™O'* 
there will be a 3.5-percent reduction in the fraction 
inside the critical distance. The observed difference 
was 5 percent. Exact agreement is not expected, 
for the theory assumes that a single transition process 
gives rise toC*. It is known that at least two transi- 
tions give C*; one or more giving C* and O and one 
or more giving C* and O-. 


III. Conclusion 


lsotope effects in the diatomic molecules, hydro- 
gen, nitrogen, and C* of CO seem to be accounted 
for by the Franck-Condon principle and the fact that 
the radial distribution of atoms in the normal state 
depends on the mass of the isotopes. In these mole- 
cules a small fraction of the atoms in the normal state 
falls inside the critical internuclear distance for dis- 
sociation in the ionized state, and this condition leads 
toa relatively large isotope effect. The research of 





Hagstrum and Tate [6] on the ionization of diatomic 
molecules indicates that production of O* from O, 
and of N* from NO will be similar in this respect 
to N,.. However, for the transitions giving O* from 
CO and O* from NO, roughly half and three quarters 
respectively of the atoms fall inside the critical 
radius and the isotope effect would presumably be 
much less. One would not expect the relative 
amount of Ow*t from the isotopic mixture of C’O"* 
and C™O" of table 2 to be significantly different 
from normal CO, and this is experimentally observed. 

Although similar effects may be expected in 
polyatomic molecules, it is not feasible to predict 
quantitatively the isotope effects in CO, or more 
complicated molecules. It may be coincidental 
that production of C* and CO* from CQ, show 
almost the same isotope effect as Ct from CO. 
The theory of diatomic molecules indicates that 
each dissociation process will have a characteristic 
isotope effect, and values of zero or even negative 
values are not excluded.’ 


IV. References 


{1] N. Bauer and J. Y. Beach, J. Chem. Phys. 15, 150 (1947). 
{2} R. A. Friedel and A. G. Sharkey, Jr., J. Chem. Phys. 17, 
584 (1947). 
[3] D. P. Stevenson, J. Chem. Phys. 14, 409 (1947). 
[4] R. E. Honig, J. Chem. Phys. 16, 837 (1948). 
[5] A. Fookson, P. Pomerantz, and E. H. Rich, Science, in 
ress. 
[6] I. Wender, R. A. Friedel, and M. Orchin, J. Am. Chem. 
Soc., 71, 140 (1949). 
D. Hagstrum and J. T. Tate, Phys. Rev. 59, 354 
(1941). 
[8] V. H. Dibeler, F. L. Mohler, and R. M. Reese, J. Chem. 
Phys. 18, 156 (1950). 
[9] O. Beeck, J. W. Otvos, D. P. Stevenson, and C. D 
Wagner, J. Chem. Phys. 16, 255 (1948). 
{10} D. P. Stevenson, C. D. Wagner, O. Beeck, and J. W. 
Otvos, J. Chem. Phys. 16, 993 (1948). 
{11} J. G. Lindsay, D. E. MeElcheran, and H. G. Thode, 
J. Chem. Phys. 17, 589 (1949). 
[12] R. B. Bernstein and T. I. Taylor, Science 106, 498 (1949). 
[13] O. Schaeffer and J. Hastings, Quarterly Progress Report, 
p. 31 (Brookhaven National Labratory, Mar. 31, 
1950). 


WasuHInaton, June 21, 1950. 


2 A progress report by O. Schaeffer and J. Hastings of the Brookhaven National 
Laboratory [13] on mass spectra of Hy, D», and T; has appeared since this paper 
was written. They report ratios of atom ions to molecule lons obtained from 
ionization by electrons of 30 electron volts, and values are considerably smaller 
than values reported in table 1 at 50 ev, as is to be expected. In other respects 
their results are comparable with ours 
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Response Characteristics of Temperature-Sensing 
Elements for Use in the Control of Jet Engines 
By Andrew I. Dahl and Ernest F. Fiock 


The rate at which a temperature-sensing element located in the gas stream of a jet 
engine responds to sudden changes in temperature is of great practical importance in the 


control and operation of such an engine. 


he factors that determine rate of response are 


discussed, and the significance of the characteristic time is emphasized. It is shown that 
laboratory determinations of characteristic time must be made under simulated engine con- 
ditions in which the rate of heat transfer by forced convection is the controlling factor. 
Apparatus used at the National Bureau of Standards for measuring characteristic times is 


described, and typical results are presented. 


The rate of response of a device in a jet engine 


varies greatly with engine speed and with the altitude of flight, so that satisfactory per- 
formance of a temperature-actuated control system can be expected only if the sensing ele- 
ment responds with sufficient rapidity under starting conditions and at the flight ceiling. 


I. Introduction 


The importance of accurate temperature measure- 
ments in the development and operation of gas 
turbines and jet engines is well recognized. Such 
measurements determine important operating char- 
acteristics of the power plant and permit the engine 
designer to single out for special attention those 
components wherein changes would be most effective 
in improving performance. 

Of commensurate importance is the application of 
temperature-sensing devices in the control of jet 
engines. An acceptable control system must prevent 
the engine speed from increasing at an excessive rate 
and protect criticaily stressed parts from being over- 
heated. Since a change in fuel-air ratio is normally 
accompanied by a simultaneous change in gas tem- 
perature, adequate protection of the power plant 
requires a control that will act very suddenly to limit 
the rate of change of gas temperature during accel- 
eration and to reduce the gas temperature whenever 
it exceeds a safe value. If the control is temperature- 
actuated, the sensing element must therefore respond 
rapidly when subjected to a change in temperature. 

*rotecting against overheating of the part that is 
considered most likely to fail mechanically might be 
achieved by attaching a temperature-sensing element 
directly to such part. Usually, however, most 
highly stressed parts are rotating, so that it is 
extremely difficult to make satisfactory temperature 
measurements of such parts. Even if this installa- 
tion problem were solved, the instrument so applied 
would respond but slowly to the stimulus (i. e., a 
change in gas temperature) that causes engine speed 
to change. Thus it is logical to base the control 
system upon the temperature of the high-velocity 
gas, since such a system can be made to protect 
against overheating, to prevent too rapid accelera- 
tion, and to establish the power output of the engine. 
Obviously, these essential controls can be achieved 
only if the temperature sensing element and the 
auxiliary parts constituting the control system can 
be made to respond very rapidly to changes in gas 
temperature. 

In the course of projects dealing with temperature- 


sensing devices applicable in gas turbines and jet 
engines, sponsored at the National Bureau of 
Standards by the Air Matériel Command and by 
the Bureau of Ships, many misconceptions have 
come to light concerning the rate of response of such 
devices to sudden changes in temperature. These 
do not involve the basic theory of response, which 
has been treated clearly by Harper [1],' but indicate 
some confusion as to the significance of measured 
values and as to the proper application of such 
values. 

This paper is concerned particularly with the 
rates of response of interest in the control of turbine- 
type engines, where the temperature-sensing element 
is normally immersed in flowing gas. Various factors 
that determine the rate of response under such 
circumstances are discussed, the relative importance 
of these factors is indicated, and laboratory equip- 
ment and methods used at this Bureau for determin- 
ing response characteristics are described. Previous 
papers in this field [2, 3, 4, 5] deal with other applica- 
tions, and therefore do not emphasize some of the 
factors that are specific to power plants, particularly 
those for aircraft. 


II. General Considerations 


An object immersed in a gas at temperature 7,, 
retained by walls at temperature 7,,, eventually 
attains a steady temperature, 7). At this stead) 
state the object gains and loses heat at equal rates, 
and its actual temperature 7, is seldom identical 
with either 7, or 7. The object may be a temper- 
ature-sensitive element initially at any given temper- 
ature 7;, which is introduced suddenly within the 
aforementioned environment. The rate at which 
its temperature changes from 7, to 7; may now be 
measured and is found to be a function of its surface 
area (S), mass (./), heat capacity (C), and the rate 
of heat transfer with the surroundings. This ma) 
be expressed as follows: 


dT /dt=(S/MO\f(k,T,T,,T.), 


' Figures in brackets indicate the literature references at the end of th 
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in which 7 is its temperature at time, ¢, after its 
environment is changed, and & is a generalized coef- 
ficient of heat transfer such that /(4,7,7,,7,) de- 
scribes completely the heat transfer to and from the 
element. 

For every specific element, the heat-transfer func- 
tion in turn governs the rate at which the element 
responds to sudden changes in environment. Al- 
though this function cannot be evaluated theoreti- 
cally for the completely general case, present purposes 
are served by considering special cases in which the 
heat transfer is by one single method at a time, 
because, in most practical applications including 
that in engines, the rate of transfer by one method 
is so preponderant that the effects of all others are 
negligible by comparison. 


III. Factors Influencing Response in Gas 
Streams 


1. Heat Transfer by Convection 


In the transfer of heat by fluid convection, motion 
of the molecules continuously brings new particles 
in contact with the surface of the object being heated 
or cooled. A distinction is made betweer natural 
convection, in which the motion of the medium is 
due to differences in density resulting from differ- 
ences in temperature, and forced convection, in which 
the motion of the medium is produced by mechanical 
means. The transfer of heat by conduction through 
gas is included in the transfer by convection, so that 
it need not be treated separately. In any case, the 
rate of transfer of heat by conduction is small, com- 
pared with that by convection. 

Consider, first, the case in which radiation can be 
neglected. This could be approximated closely if 
the object were provided with an efficient radiation 
shield. Under these conditions the wall temperature 
is without effect, and 7,—7,. Thus eq 1 may be 


written 
dT /dt=(S/MC)f(h.T,T,), (2) 


in which A, is the coefficient of heat transfer by con- 
vection. Also, the rate of heat transfer by convec- 
tion varies directly as the difference in temperature 
(Newton's law of cooling), so that f(h.,7',7,) becomes 
(T,—T)f(h.). 

The value of h. for foreed convection is essentially 
independent of temperature, so that for this case 
eq 2 becomes 


dT /dt=h(S/MC)(T,—T). (3) 


It has been shown experimentally [6, 7] that, for 
natural convection, the coefficient may be expressed 
as 


h.=k (AT), (4) 


in which k, is a constant and AT is the temperature 
excess of the gas over the element heated. Thus, 
for this case eq 1 becomes 


dT /dt=k,(S/MC)(T,— T)*“. (5) 





(a) Forced Convection 


This is the case of real interest when considering 
the response of temperature-sensing elements im- 
mersed in the gas stream of jet engines, because the 
rate of heat transfer by forced convection far exceeds 
that by any other method in such applications. 

With + substituted arbitrarily for the quantity 
MC/Sh, eq 3 integrates to 


—log, T,—T)=t/r+ constant, (6) 
and, since 7'= 7, at t=0, 


(T—T,)/T,—T,) =AT/AT,=1—e-*", (7) 
in which AT is the change in temperature that the 
element has experienced at time t, AZ, is the total 
change to which it is subjected, and ¢ is the base of 
Naperian logarithms. ; 

From eq 7 it is apparent that the quantity 7 must 
have the dimensions of time, and that at time t=r, 
the ratio A7T/AT,=1—1/e=0.632. Thus + is the 
time required for the object to undergo 63.2 percent 
of the total change in temperature to which it is 
subjected instantaneously. The time r, so defined, 
is generally referred to as the time constant or 
“characteristic time’ of the element, and this ex- 
pression will be adhered to throughout the remainder 
of this paper. A similar concept of the time con- 
stant appears frequently in the fields of mechanics 
and electricity. 

The characteristic time of a temperature-sensing 
element has a number of interesting physical inter- 
pretations. Referring to a specific installation, 
both AT, and +r are independent of time, and eq 7 
can be differentiated to give 


d(A) Tdt=(AT)/r)e>""". (8) 
Equation 7 may also be written 
T,— T=ATye“"". (9) 
Dividing eq 9 by eq 8 gives 
(T,— T)/{d(AT) /dt|=r. (10) 


Equation 10 shows that the characteristic time 
may also be defined as the time that would be re- 
quired for the object to change from temperature 7’ 
at time ¢, to temperature 7), if the rate of change 
{d(AT)/dt| of temperature prevailing at time, t, were 


held constant. This interpretation of the character- 
istic time is shown graphically in figure 1, in which 
the curve represents eq 7, plotted in terms of the 
dimensionless ratios A7T/A7T, and ¢t/r. It will be 
noted that if a tangent is drawn to the curve at any 
point and extended to AT/A7T,=1 (or T=7),), the 
horizontal component of such a tangent is equal to r. 

The quantity + was introduced above as a sub- 
stitute for the quotient MC/Sh.. Among these 
quantities, 17, C, and S are physical characteristics 
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Fieurt 1. Physical interpretation of characteristic time. 


Heat transfer by forced convection only. 


of the object, and if the coefficient of heat transfer 
by forced convection (A,) were independent of flow 
conditions, then the characteristic time of a par- 
ticular object would be a single-valued property. 
Actually Ah. varies in a complex manner, for which 
no satisfactory theoretical treatment has been 
evolved. However, comprehensive analyses of avail- 
able data indicate that, for e given object, A, is es- 
sentially dependent only on the mass rate of flow. 
Thus, the characteristic time of an object immersed 
in gas flowing at velocities attained in jet engines is 
essentially independent of the temperature and of the 
temperature difference to which it is subjected, and 
the same value of + applies whether the object is 
being heated or cooled. For instruments used in 
flowing gases, a numerical value of characteristic 
time is significant only when the mass flow rate is 
specified, but ne statement as to the magnitude or 
direction of the temperature change is required. 
For example, it is meaningful to say that a particular 
device has a characteristic time of 2 sec at a mass 
flow rate of five lb/see ft’. 

Since the characteristic time of any object varies 
directly as its mass and inversely as its surface area, 
it is apparent that 7 will be decreased by any process 
that increases the surface area proportionately 
greater than the mass. Consequently, any method 
of increasing the surface area without changing the 
mass will reduce +, but such means for reducing + 
are practicable only within the limits established by 
the ability of the element to withstand the stress to 
which it is subjected. 


(b) Natural Convection 
It is known that the rates of response of instru- 


ments designed for use in jet engines have been meas- 
ured in apparatus in which they gained or lost heat 


primarily by natural convection and radiation. [he 
following sections are included merely to show why 
values measured in this way cannot be signifi: nt, 
so far as applications in engines are concerned. 

If the expression Sk,/MC is represented by 8, o4 5 
may be written 


dT/dt=86(T,—T)*"*, 11) 
which may be integrated to give 


t=[48/(7T.—T))""]{((T2— Ty) /(T2— T)P* 1 


12) 


It can be seen from eq 12 that the rate at which 
an object will respond to a sudden change in tempera- 
ture, when heat is transferred solely by natural con- 
vection, is a function of the temperature interval 
over which the heating takes place. This is shown 
graphically in figure 2, in which ¢/48 and AT /A7, are 
plotted for the single value 7,=500° F and for three 
values of AT). 

Since the response due to natural convection de- 
pends upon the particular temperature conditions 
encountered, whereas that due to forced convection 
does not, the characteristic times of the same device 
under these two sets of operating conditions cannot 
be related. 


2. Heat Transfer by Radiation 


Consider the special case in which heat transfer 
to or from a relatively small body, such as a thermo- 
couple junction, takes place by radiation only, so that 
there is no transfer of heat by convection, 7g has no 
effect, and 7,=7,. Asan example, a junction might 
be moved suddenly from a cool to a hot location with- 
in a vacuum furnace. The transfer of heat in this 
case takes place in accordance with the Stefan- 
Boltzmann law, and eq 1 becomes 


dT /dt=(Sae MC\(Ti—T=alT!—T"), 
in which ¢@ is the Stefan-Boltzmann constant, «€ is the 


surface emissivity of the junction, and a@ stands for 
the quotient Sae/MC. 
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Figure 2. Graph of equation 12. 





Heat transfer by natural convection only. Curve a, 4 7)=1,500° F; cur 
ATc= 500° F; curve c, ATo= 100° F. 
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Integration of eq 13 gives 


( 7, - T2)( T+ T:) 


! ; 
=7als [ Hoe. (T,+T)(T—T,)** 


Examination of this equation shows that the time- 
temperature relation, and hence also the rate of 
response, depends markedly on the following: (a) 
whether the junction is being heated or cooled; (b) 
the temperature level; and (c) the temperature 
interval. 

Item (a) can be illustrated by considering that, in 
one case, a junction heated from 500° to 2,000° R, 
and in another it is cooled from 2,000° to 500° R. 
The quantity 4a¢ is plotted against temperature in 
figure 3 for each of these cases. Although the initial 
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Figure 3. 


Heat transfer by radiation only. 


Graph of equation 14. 


rates of temperature change are the same in the two 
cases, the time required for the temperature to change 
by a given percentage of the temperature difference 
is less during heating than it is during cooling. 

Thus when most of the heat is transferred by 
radiation, the rate of response of a given junction 
depends on different factors and has entirely different 
characteristics than when the primary heat transfer 
is by convection. 


IV. Conditions of Heat Transfer in Jet Engines 


The gas flow rates that prevail in a jet engine cover 
a wide range and depend primarily upon the engine 
operating conditions and the altitude of flight. How- 
ever, even during starting, heat is transferred to a 
device immersed in the gas stream predominately by 
foreed convection. Since the various solid parts that 
retain the gas stream are normally cooler than the 
gas because of heat losses, a sensing element in the 
gas stream normally attains a steady temperature 
below that of the gas itself, because of radiation and 
conduction from the sensing element. Nevertheless, 
when the temperature of the gas is changed suddenly, 
the rate of change in the temperature of the sensing 
element is determined almost entirely by the rate of 
heat transfer by forced convection, and the effects 


2 tan™' (7/T)) 





2 tan 1(7; T») 4 (14) 


of radiation and conduction over the short interval 
of time involved are insignificant. 

As the characteristic time of the instrument is a 
function of the operating conditions, as well as of the 
physical characteristics of the device itself, these 
conditions must be taken into account in devising 
laboratory equipment for measuring 7 and in using 
measured values in the design of control systems for 
engines. The mass flow rate through a given engine, 
and hence also the characteristic time of an instru- 
ment immersed in its gas stream, varies with the 
density of the ambient air, engine rpm, and to a 
lesser extent with air speed. Thus the over-all rate 
of response of the control system must be sufficiently 
high that adequate protection is provided at the 
lowest mass flow rates, which occur during static 
starts and at the flight ceiling. A system that pro- 
tects the engine at sea level and high-power outputs 
may be utterly inadequate at low-power outputs 
and at high altitudes. 


V. Laboratory Apparatus for Measuring 
Characteristic Time 


Equipment used at this Bureau for studying the 
performance of temperature-sensing devices appli- 
cable in jet engines is shown schematically in figure 
4, and the apparatus used for producing sudden 
changes in the temperature of the test instruments 
is shown in figure 5. As indicated in figure 4, a 
compressor supplies air to a single Jume 004 turbo- 
jet engine combustor equipped with its normal fuel 
injector and spark plug. The gas temperature and 
flow rate at the combustor outlet are subject to 
control through a valve at the inlet to the com- 
pressor and by adjusting the fuel pressure. Exhaust 
gases from the burner pass through two 90° turns, 
through a perforated plate, and then through about 
10 ft of straight pipe before reaching the test section. 
The latter has three convenient hatches for mount- 
ing instruments in the gas stream, which is at es- 
sentially uniform temperature and velocity over 
the central half diameter of the test section. Due 
to the shape of the duct system, no instrument is 
exposed to direct radiation from the flame. 

A bleed line containing a butterfly valve provides 
an auxiliary control of the flow in the test section, 
independent of the operating conditions of the 
burner. Pressures observed with a pitot-static 
tube, together with the known value of gas tem- 
perature, permit calculation of the mass flow rate 
in the test section. 

Two such systems have been used to date, and it 
is planned to maintain both for future studies of a 
similar nature. The air for one is supplied by a 
blower with a capacity of 4,000 ft® of free air a 
minute and that for the other by centrifugal com- 
pressors having a combined capacity of 10,000 
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ft*/min. The systems have identical Inconel test 
sections, about 6 in. in diameter. The remainder 
of the former is of ordinary iron, which limits the 
operating temperature to about 1,600° F because of 
scaling. Most of the work on rates of response has 
been done in this system, in which the blower 
capacity and the drop in pressure through the burner 
and lines limit the mass flow rate to approximately 
8 Ib/see ft?. Currently a second blower is being 
added in series, and all iron pipe downstream of the 
burner is being replaced with Inconel, in order that 
the operating range may be increased. 

All of the second system beyond the Jumo com- 
bustor is of Inconel, and an afterburner is installed 
at the burner outlet. This system can be operated 
at temperatures up to about 2,000° F, and at mass 
flow rates up to 15 lb/see ft? in the 6-in. test section. 
A test section 3 in. in diameter is available for use 
in life tests and in research where velocities up to 
1,800 ft/sec are of interest. 

For measuring the rate of response, the tempera- 
ture of the gas surrounding the test instrument must 
be changed suddenly. This cannot be accomplished 
with sufficient rapidity by changing the burner 
operating conditions. It can be done, without 
altering the steady flow of exhaust gas in the test 
section, with the apparatus shown in figure 5. An 
Inconel tube, held in position around the test instru- 
ment by a release plate, provides a flow channel for 
cold air. Upon removing the release plate, the 
Inconel tube is removed suddenly by a spring, thus 
exposing the instrument to the hot gas of the main 
stream almost instantaneously. During the down- 
ward movement of the tube, the supply of cold air is 
stopped automatically. In this way a test instru- 
ment at a known, moderate temperature (controlled 
by the air rate through the Inconel tube) can be 
exposed to exhaust gas at any chosen temperature 
and mass flow rate within the capability of the test 
system. 

The performance of a variety of thermocouples, 
resistance thermometers, and thermistors has been 
studied. In each case the experimental result was 
recorded with a direct-inking oscillograph, in the 
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Diagram of test systems. 


form of an emf-time chart. The time scale can be 
had either by counting the strokes of the pen, which 
oscillates continuously at 60 cycles/sec, or from the 
known speed of the paper, which is moved by a 
synchronous motor. 

An a-c amplifier was used with the oscillograph, 
so that it was necessary to use a “chopper” on th: 
output of each thermocouple. With the resistance- 
type devices, both a-c and d-c bridges with choppers 
have been used with equal suecess. In any of thes: 
systems the amplitude of the recording pen is 
proportional to the amplified emf, so that the en- 
velope of the record gives the impressed emf as 
function of time. It is not necessary to know thy 
amplification factor. The initial and final tempera- 
tures, if desired, can be measured more convenient]; 
and more accurately with other indicating or record- 
ing instruments. 

If the output of the sensing element varies approxi- 
mately linearly with temperature, as is the cas 
with thermocouples and resistance thermometers, 
the characteristic time can be read directly from the 
record. It is simply the time required for the 
amplitude to change from its initial value by 63.2 
percent of the total change that it experiences. 

A typical record of this type, together with 
drawing of the envelope curve to an enlarged scale, 
is shown in figure 6. This particular record is for 
a No. 22 gage bare Chromel-Alumel thermocouple, 
the junction of which was formed by fusing the ends 
of the wires into a bead having a diameter approx- 
mately twice that of a single wire. Initial and final 
temperatures, measured with other instruments, 
were 300° and 1,200° F, respectively, and the mass 
flow rate was 4 lb/sec ft*. 

In the case of thermistors, for which the resistance 
decreases approximately exponentially with increas- 
ing temperature, a satisfactory arrangement is to 
use the test unit as one arm of a bridge, in which the 
oscillograph indicates balance. Having determined 
the resistance-temperature relation for the test i- 
strument, and having chosen the experimental values 
of 7, and 7, to be used in the test, the resistance 
corresponding to the temperature § [7,+0.692 
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1,—T,)| is calculated and set up in a second arm 
of the bridge. The remainder of the test of a ther- 
mistor can then be conducted as described for 
thermocouples, but the oscillograph record now 
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Figure 5, 


shows a maximum amplitude at the start of the test 
and a minimum amplitude at the characteristic time, 
as measured from the instant of exposure to hot gas. 
A wide variety of instruments was studied, in- 
cluding sensing elements exposed directly to the gas 
stream, elements encased in metal and ceramic 
protection tubes, and elements imbedded in insu- 
lating materials such as quartz and beryllia. Char- 
acteristic times as low as 0.02 sec have been measured 
successfully, and there seems to be no upper limit 
imposed by the test system or recording equipment. 
For each instrument, from three to five ion were 
taken at each of the flow rates 2, 4, and 6 lb/see ft 2. 
No results have been obtained at flow rates above 
6.8 lb/see ft*, primarily because the flow rates of 
greatest interest in engines are less than this. 
Presentation of the results in detail would be 
useless without a complete description of each in- 
strument, which is considered neither practicable nor 
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worth while. Some typical results obtained for bare, 
untwisted Chromel-Alumel thermocouples are pre- 


sented in table 1, merely to give an idea of the magni- 


tudes of the characteristic times with which the 
designer of control equipment for jet engines must 
cope. 

Examination of all the results obtained to date 
indicates that the effect of flow rate upon characteris- 
tic time is approximately the same for all instru- 
ments studied, and that the ratio of the characteris- 
tic times of any instrument at two flow rates is 
approximately proportional to the square root of the 
ratio of these mass flow rates. 

From many measurements of characteristic time 
under experimental conditions, such that the princi- 
pal heat transfer was by forced convection, it is 
apparent that the value observed for any particular 
instrument is essentially independent of the tempera- 
tures employed during the tests. Typical results 
illustrating this fact are shown in table 2. These 
results are for a No. 20 gage bare thermocouple, the 
junction of which was a bead of approximately twice 
the wire diameter, and for a mass flow rate of € 
Ilb/see ft?. 


Tarte 2. Effect of operating temperature range on observed 
characteristic time, when heat is transferred by forced con- 
rection 


remperature Characteristic 


time (flow rate 
6 Ib, see ft?) 


The present equipment was designed primarily to 
subject the test junction to a sudden increase in 
temperature. By heating the test junction electri- 
cally while it was surrounded by the Inconel tube, 
then subjecting it to a stream of unheated air, char- 
acteristic times for the cooling process were obtained. 
Results agree with the prediction of the theory that 
applies for the case of heat transfer by forced con- 
vection, in that the characteristic time at a given 
mass flow is the same, whether the instrument be 
heated or cooled. 


VI. Conclusion 


The characteristic time of a temperature-se ising 
element immersed in the gas stream of a turbine | ype 
engine depends primarily on the mass flow rate. and 
is essentially independent of the temperature !oye, 
of the temperature difference over which it is teas- 
ured, and of the direction of net heat flow.  Thyis js 
true primarily because the rate of heat transfer }y 
forced convection is large compared with the rates 
of transfer by radiation and natural convection 
Where radiation and natural convection are the 
controlling processes, the rate of response of ay 
object to sudden changes in temperature depends 
greatly upon the actual temperatures involved. [y 
the case of heat transfer by radiation only, different 
rates are obtained when the object is heated and 
cooled between the same two temperatures. There- 
fore, values of characteristic time that are significant 
in engine applications must be determined with 
equipment in which the mass flow rates approximate 
those prevailing in engines. 

Apparatus of this kind is described in detail, and 
some typical results are presented. Results with a 
wide variety of instruments confirm the conclusions 
stated above. 

The rate of response of a temperature-sensing ele- 
ment in the gas stream of an aircraft gas turbin 
varies greatly with the altitude of flight and with th 
engine speed. Adequate protection of the power 
plant requires a control system that will respond 
with the necessary rapidity during starting of thy 
engine and at the flight ceiling. If this is accom- 
plished, then the protection provided at all othe: 
altitudes and engine speeds should be more thar 
adequate. 
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Dielectric Constants of Aqueous Solutions of Dextrose 
and Sucrose 


By Cyrus G. Malmberg and Arthur A. Maryott 


The dielectric constants of aqueous solutions of dextrose and of sucrose prepared from 
N BS Standard Samples were determined at 20°, 25°, and 30° C for concentrations up to 50 
and 60 percent by weight, respectively. A bridge method was used, and the sources of error 
involved are considered. The results, relative to a selected value for water, are considered 
to be accurate to 0.05 percent or better and are expressed in terms of an empirical equation 
for the purposes of interpolation. 


I. Introduction SOURCE 

Examination of the literature reveals rather poor Loo) 
agreement in the data reported for the dielectric 
constants of aqueous solutions of dextrose [1 to 3]' LEO HY 
and of sucrose (static values) [4 to 18], (high-fre- 
quency data) [19 to 27]. Consequently, it seemed 
desirable to redetermine their static dielectric con- 
stants over a range of concentration in the vicinity WAGNER EARTH 
of room temperature. Inasmuch as highly purified 
samples of dextrose and sucrose are available as 
standard samples at the National Bureau of Stand- 
ards, these sdietiens may prove useful as secondary 


standards of dielectric constant having values inter- 
mediate between water and some of the more polar 


























pnd organic solvents. 

th For determinations of dielectric constants of 
mn- media having an appreciable but not excessively 
her large conductance, a bridge method employing 
ha relatively low and variable frequencies, as in this 


investigation, has certain advantages over resonance 
methods with regard to flexibility, accuracy, and the 
analysis and evaluation of errors. Errors such as 
arise from electrode polarization or lead inductance 
may be evaluated from measurements at various 
frequencies or often made negligible by the proper 
choice of frequency. Connection and calibration 
errors can be readily minimized by employing a 
cell of high capacitance. Perhaps the principal 
disadvantage is the difficulty sometimes experienced 
in maintaining sufficient stability of cell resistance 
to permit sensitive capacitance balance at lower 
frequencies. 




















II. Apparatus 


The a-e bridge was of the equal ratio capacitance- _ 
conductance type, as indicated in figure 1. The — 

ratio arms, A, and R,, were 1,000-ohm woven = 

resistors (Leeds & Northrup Type Std. 697—D) 
matched to within 0.001 percent in resistance. The 
measuring arm of resistance R, and capacitance C, 
consisted of a 100,000-ohm Leeds & Northrup 
resistance box (Cat. No. 4764-S) in parallel with a 
calibrated variable condenser, General Radio Co. 
l'vpe 722-D. To extend the range of capacitance, “ / 
General Radio Company's type 505 mica condensers C4 Co 
were plugged to the terminals of the precision con- 























Figure 1, Schematic circuit arrangement of capacitance- 
Figures in brackets indicate the literature references at the end of this pape conductance bridge. 
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denser as needed. The mica condensers were cali- 
brated in terms of the precision condenser. 

The unknown arm contained the cell and a rela- 
tively small variable capacitor, C), in parallel. Cy 
remained fixed throughout the measurements and 
served only to provide a convenient “zero” setting 
for C,. As no suitable three-terminal cell was 
available, two unshielded cells of convenient design 
were employed, each consisting of two concentric 
cylinders of bright platinum mounted in a glass 
container. Cell A had a replaceable capacitance 
of about 30 uyf and has been described previously [28]. 
Cell B, designed principally for measurements of 
conductivity, has a replaceable capacitance of 
approximately 60 puf and differed from cell A in that 
it had parallel rather than concentric leads. In 


f 
«ay 
Fieure 2. Cell B uith dismounted reservoir. 


Length of electrodes is 77 mm, separation | mm, and the diameter of the outer 
electrode 28 mm. 


addition to the electrode compartment, each cell 
contained a reservoir to accommodate excess liquid 
and to permit mixing by forcing the contents back 
and forth with compressed gas. The construction 
of cell B is shown in figure 2 with its reservoir dis- 
mounted. Concentric mounting of its electrodes 
was accomplished by sealing to glass beads corre- 
sponding pairs of the six small platinum wires, which 
were welded to each end of the cylinders. The 
beads were then sealed to the outer walls of the cell. 
Two of the wires were sealed through the beads 
to provide contact to the mercury leads. 

he cells were mounted in a reproducible position 
in the grounded thermostat and connected to the 
bridge terminals, using parallel leads of constant 
capacitance and inductance. Capacitance balance of 
the bridge was consistent to 0.1 wuf on replacement of 
the cell in the bath and reconnection to the bridge. 


The outer electrode was maintained at earth po. .y- 
tial through the use of a Wagner earth. The us. of 
this device along with appropriate shielding of {\e 
other branches of the bridge was effective ine! :/j- 
nating or fixing the influence of earth admittance j:¢ 
interbranch couplings associated with these bran: |\es 
and the corners of the bridge. Consequently, \ it) 
the exception of a residual effect due to distributed 
interelectrode admittance to earth, the measured jin- 
pedances of the cells were independent of the inf\u- 
ence of earth admittances. On the basis of the con- 
struction of these cells and their measured earth ca- 
pacities, this effect was estimated to be no greater 
than 0.2 wuf and therefore negligible. 

A tuned circuit oscillator variable from 30 eycles 
to 200 ke was used as the source. A three-stage re- 
sistance-coupled amplifier and headphones were used 
as a detector up to 12 ke. At higher frequencies the 
amplifier was replaced by a Sargent model 11-XA 
regenerative receiver tuned to give any convenient 
audible beat-frequency. Throughout the measure- 
ments the sensitivity of capacitance balance was 0.1 
uuf or better. Both source and detector were iso- 
lated from the bridge proper by shielded transformers. 

Measurements were made at 20°, 25°, and 30°C 
with the cell in an oil thermostat controlled to within 


0.0L°. 
III. Materials and Solutions 


Solutions of sucrose of the desired concentrations 
were prepared on a weight basis from NBS Standard 
Sample 17 and conductivity water. Solutions of 
dextrose were prepared similarly from Standard 
Sample 41 and were then allowed to stand at least 
4 hours in order to establish equilibrium with respect 
to mutarotation. Freshly prepared solutions of dex- 
trose (a-form) had decidedly higher dielectric con- 
stants than the equilibrium mixtures. Conductivity 
water was obtained from ammonia-free distilled water 
by redistillation. It had a conductivity of about 
10-7? mho before exposure to the atmosphere. 

Initial attempts to determine the dielectric con- 
stants of the pm aot of dextrose were unsuccessful 
because of the very rapid and continued increase in 
conductance that occurred when the solutions were 
introduced into the cell. Overnight the conductance 
sometimes increased by as much as a hundredfold. 
As this change was accompanied by a pronounced 
decrease in pH and occurred only when the solution 
was in contact with the electrodes, catalytic oxida- 
tion was suspected. Replacement of air by hydrogen 
eliminated this instability. Consequently, hydrogen 
was used to flush out the cell, to saturate each solu- 
tion, and to transfer the solution from the flask to 
the cell. The same procedure was adopted for the 
solutions of sucrose because of the advantage of lower 
conductances gained by removal of dissolved CO, 
The specific conductivities of the solutions were 
3 107-* mho or lower in all cases. 


IV. Procedure 


The dielectric constants were determined relative 
to water at 25°, using the value reported by Wyman 
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[29], namely, 78.54. The replaceable vacuum capaci- 
tance of the cell, Cy, was obtained from the difference 
in capacitance of the cell first in air and then when 
filled with water, Cw—C4, respectively, according to 


Cy= (Cw—C4)/77.54 (1) 


The dielectric constant of the unknown medium, 


ey, is then + 
€y 78.54— AC x/C Vs 


where ACy is the change in capacitance of the cell 
on replacing the unknown medium by water at 25°. 
Before the experimental procedure is discussed in 
any detail, the more significant sources of error will 
be considered briefly. These errors are associated 
for the most part with residual impedances in the 
arms of the bridge network. To a sufficient degree 
of approximation, the bridge may be simulated by 
the network illustrated in figure 3. Reactance in 
the ratio arms is represented by the equivalent paral- 
lel capacitances, C,; and C,. Ly and Ly are, respec- 
tively, the self-inductances of the leads to the pre- 
cision condenser and to the cell. The effective series 
inductance of the resistance box is represented by 
L, and the resistance of the cell by Ry. During the 
course of the measurements, Cy and R,, and conse- 
quently L,, are varied. The observed change in 
capacitance of the precision condenser, AC, is not 
generally equal to ACy but related according to 
AC,+A0,4+40C.4+ 4 (3) 


ACy=ACL4 


where, on neglecting terms of higher order, 


AC, =(C,— C)(R,/ R,— RR), 
Be ee ee i. 
Al RR (RY (RY 


AC w*( L,- Ly)(¢ ww +C,)AC we 
w being the angular frequency. The primed symbols 
refer to solution in the cell and the unprimed to water. 
AC, represents the effect of reactive asymmetry of 
the ratio arms; AC,, the effect of inductance in series 
with resistance in the measuring and unknown arms; 
AC., inductance in series with capacitance in the 
measuring and unknown arms, and AC, the change 
in capacitance attributable to electrode polarization. 

The effect of polarization capacitance, C,, was 
found to be proportional to w™", where n<2 and 
constant for a given cell and solution. On the other 
hand, C, is proportional to w*, so the influence of 
these frequency dependent errors was readily deter- 
mined by varying the frequency between 3 and 96 ke. 
Actually, in this investigation it was not necessary 
to extrapolate out these errors, as they became quite 
negligible at some intermediate frec uency where 
Cy reached its minimum value. This frequency was 
usually 48 ke for the solutions of dextrose (cell A) 
and 24 ke for the solutions of sucrose (cell B). 

The frequency-independent errors, expressed as the 











Figure 3. Simulated circuit of the bridge showing distribution 
of effective impedances in the arms of the bridge. 


sum AC,+AC,, were eliminated by a procedure that 
was essentially equivalent to making all measure- 
ments at the same resistance. With the cell filled 
with water at constant temperature, its resistance 
was varied to correspond to, the resistances of the 
solutions by increasing or decreasing the CO, content. 
In this manner the change in measured capacitance 
accompanying a given change in cell resistance was 
determined. The resistances of the solutions were 
usually between 1,000 and 3,000 ohms, so that 
correspondence of the 1,000- and 100-ohm dials only 
was needed. These corrections were relatively small 
and amounted to 0.1 unit or less in dielectric constant, 
The maximum concentration of carbon dioxide 
introduced into the water during the course of this 
determination is estimated to be about 2107 
mole/liter. Considering both the ionized and union- 
ized portions, estimates of the effect of this amount 
of carbon dioxide on the dielectric constant indicate 
a negligible change, of the order of 0.003 unit or less. 

Values of Cy for both ceils were determined with 
a known fixed resistor, R,, directly across the arm 
containing the cell both when empty and when filled 
with water at 25°C. Because of this shunt (since 
R, is no longer equal to 2), the relation of AC, to 
ACy given in eq 3 is altered with regard to the term 
AC, with the result that now 


— oo “oe 
AC, — _— we 


ran (ome Lo 

where R,=RR4/(R4—Ry. Since for corresponding 
values of R,, the difference between this value of AC, 
and that for direct measurement involves only terms 
in L, and known values of R, Ly was evaluated, and 
the experimentally determined values of AC,+ AC, 
were corrected as needed for use in calculating ACy 
to obtain Cy. 
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Although neither cell contained insulating sup- 
ports between the electrodes, their construction did 
not preclude some nonlinearity in the variation of 
capacitance with dielectric constant of the medium. 
That no detectable error was encountered in this 
range of dielectric constant was indicated by inter- 
comparisons between the two cells and by a deter- 
mination of the variation of Cy for cell B by using 
liquids, the dielectric constants of which were deter- 
mined by an absolute method. 


V. Results 


The experimental data, including those for water 
at 20° and 30° C, are listed in table 1. Inasmuch as 
the actual concentrations were very close to even 
values of weight percent, the dielectric constants have 
been interpolated to even values. All of the data 
for the dextrose solutions can be expressed by the 
equation, 


e (dextrose) =¢€,.— [0.227 — 1.2(10~*) (t—25)|C 
[1.32(10 *)+-1.2(10~-) (¢ 25)] (” 


[3.9(10~°) —2.8(1077) (t—25)] C%, 
where e(dextrose) and €, are, respectively, the dielec- 
tric constants of the dextrose solution and of water 
at the temperature, f, in degrees Celsius, and ( is the 
weight percent of dextrose. This equation fits the 
data of table 1 with an average deviation of 0.02 and 
a maximum deviation of less than 0.04 unit in dielec- 
tric constant. For the solutions of sucrose, the 
corresponding equation, 


€ (sucrose) = €,—0.226C — |[6.75(10-*) —1.5(1075) 
(t—25)]C? 


—[1.09 (10-5) +4(107*) (t—25)] C%, 


fits the data with an average deviation of 0.01 and a 
maximum deviation of less than 0.03 unit. Exelu- 


Tas_e |. Dielectric constants of aqueous dextrose and sucrose 
solutions 


Dielectric constant at 


Dextrose 


wt percent 


Sucrose 


wt percent 
78. 4 
76. 19 
73. 65 
70. 86 
67.72 
4. 20 
wo. 19 
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DEXTROSE 20 °C 
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° 30 
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Ficure 4. Comparison of dielectric constant data reported 
on aqueous solutions of dextrose and sucrose. 

@: Kockel—10, 20, 30, und 40 percent; 600 ke. Davies—10, and 20 percent; |. 
to4me. Kniekamp—10 and 20 percent; 6 ke. Akerléf—50, 60, and 70 percent 
2me. These data are plotted under a common symbol, as the differences in value 
of « reported could not be resolved for the purposes of this graph. , Berliner 
and Ruter—3.3 me; (}. Harrington—1 me; 2, Kistler—2.1 me; V7, Furth —400 m 
@, Astin—2.7 me; +, Slevogt—3.1 me: . present data (points fall uniformly 
on the smooth curve within the precision of the scale of plotting). 
sive of any uncertainty in the value selected for 
water, these data are probably accurate to 0.05 
percent or better. 

A comparison of these results at 20° C with those 
of some other workers after correction to the same 
dielectric constant for water is given in figure 4. The 
curves represent the present data. and that for dex- 
trose is extrapolated to 60 percent for comparative 

eee. Of the data on dextrose, only those ol 

3erliner and Riiter obtained at 3.3 me are compara- 
ble to the present data as representing static values 
and the agreement is poor. For the data on sucrose 
the best agreement is shown by those of Kockel, 
Akerléf, Kniekamp, Slevogt (at 3.1 me), and to 
a lesser extent by those of Davies as reported )) 
Lattey, Gatty, and Davies. These values are, 10 
general, lower than the present data by from (| te 
| percent and were obtained by resonance methods 
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Berliner and Riiter also used a resonance method. 
Astin developed and used a method employing voltage 
resonance that was subsequently adopted by Akerlof. 
The values reported by Harrington were obtained by 
means of a bridge method at 1 me, and it is uncertain 
what method Kistler used at 2.1 me. The measure- 
ments of Furth (400 me) and others [19 to 27] were 
made at very high frequencies, so the low values re- 
ported are undoubtedly attributable to anomalous 
dispersion and are not comparable to static values. 

Consideration of the data available on static 
values suggests that the major descrepancies in the 
values reported are in large part due to high con- 
duetivity as, in general, it appears that precautions 
have not been taken to obtain and maintain low 
conductivities for these solutions. To a lesser 
extent it is also probable that frequency-dependent 
errors are associated with many of these values. 
The extent to which these factors may modify the 
suitability of a method of measurement is exemplified 
by Kniekamp’s [9] study and Hartshorn’s analysis 
(30] of resonance methods. 
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Response of Accelerometers to Transient Accelerations 
By Samuel Levy and Wilhelmina D. Kroll 


Curves and tables are shown for the response of accelerometers to transient exciting 


accelerations. 


Three types of acceleration-time relations are considered. 
they have square, triangular, and half-sine-wave shapes. 


When plotted, 
The natural periods of the accel- 


erometers for which the computations were made were approximately one, one-third, and 


one-fifth of the duration of the acceleration pulse. 
erometers were 0, 0.4, 0.7, and 1.0 times the critical values. 


The damping coefficients of the accel- 
It is indicated that, to obtain 


an accuracy of better than 5 percent of the peak acceleration in measuring acceleration pulses 
having the general characteristics of the triangular or sinusoidal pulses, an accelerometer 
must have a natural period of about one-third the duration of the acceleration pulse, and a 
damping constant of about 0.4 to 0.7 of the critical value. 


I. Introduction 


Accelerometers are widely used to measure os- 
cillatory and transient vibrations. 

The fidelity with which these instruments respond 
in the case of oscillatory stimuli has been thoroughly 
studied [1, pp. 61 to 70}. It is found that, when the 
damping is between 0.6 and 0.7 of the critical value 
and the natural period of the accelerometer is less 
than about half of the period of the applied accelera- 
tion, the accuracy is satisfactory. 

In the case of excitation of the accelerometer by a 
transient vibration, only seattered information is 
available regarding the reliability of the response 
obtained. Weiss [2] gives the response to a tri- 


angular pulse of acceleration for an accelerometer 
whose natural period is 0.3 the duration of the pulse 
and whose damping is 0, 0.3, and 0.7 of the critical 
value. He also gives the response to a suddenly 
applied constant acceleration for accelerometers 
with a damping ratio of 0, 0.3, 0.7, and 1.0 times 
the critical value. Welch [3] has determined, on the 
Westinghouse transient analyzer, the response to 
several kinds of impulses of a 50 ¢/s single-degree-of- 
freedom shock measuring instrument having various 
amounts of damping. On the basis of these seattered 
data, and information for undamped accelerometers 
derived by Frankland [4], Biot and Bisplinghoff [5], 
and others, it has been common practice to assume 
that an accelerometer will be acceptable in a given 
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application if its damping is 0.6 to 0.7 of the critical 
value and if its natural period is less than about half 
of the duration of the acceleration pulse. 

The curves presented in this report were computed 
to obtain more systematic information regarding the 
accuracy of damped accelerometers in measuring 
transient phenomena. 


II. Theory 


The usual accelerometer is a single-degree-of-free- 
dom mechanical system. Such a system is shown in 
figure 1. Means are provided to indicate the relative 
motion z of the internal mass with respect to the 
frame. This relative motion is taken as a measure 
of the acceleration, d°y/d@, of the frame. 

The equation of motion for the mass m, figure 1, 


Is 


m 


d?z (= dy 


» re dt dt 


de )+h(2- y)=0. 


With 


eq | becomes 


d*z d*y 


dr 
m det! athe — Mm 


es, ¢dés,6 ay 


= ( 
dt? "m dt ° m . dt? 4) 


We wish to know how faithfully the response z of 
the accelerometer reproduces the time history of the 
applied acceleration d*y/d@ for pulses of acceleration 
of finite duration and arbitrary shape. To give the 
analysis a wider range of usefulness, eq 4 is written 
in dimensionless form by making the following sub- 


stitutions: 
j2 }2 
(a )/ (ae) 
t/T 


—krim (“") 


c/2ymk=e/e, 


max 





=2aym/k/T 
where 
2 mk, critical value of damping co- 
efficient, 


duration of acceleration pulse to be 
measured, 


2x ym/k=‘‘undamped” period of accelerometer, 


72 
(ae a 


peak value of acceleration. 


Substituting eq 5 into eq 4 gives 


( R\? dt, RDdé 


2xr/ dr?* x dr 


+t=a. 

For a relatively high frequency accelerometer, R 
is a small number. Under these circumstances. {he 
first two terms in eq 6 become negligible, and the 
dimensionless response £ is equal to the dimension- 
less acceleration a. As R becomes larger, the first 
and second terms start to have an effect. The 
primary effect of the second term is to introduce 4 
time lag between the response £ and the acceleration 
a. The primary effect of the first term is to tend 
to make the response £ oscillate in value above 
and below the value of the acceleration a. 


III. Results 


Equation 6, giving the relation between the di 
mensionless responses £ and the dimensionless ac- 
celeration a, was integrated numerically for three 
values of the natural period ratio having approxi- 
mately the values, R=1, 1/3, 1/5; for four values 
of the damping ratio, )=0, 0.4, 0.7, 1.0; and fo 
the three time-bistories of acceleration pulse shown 
in figure 2. Numerical integration, instead of 
direct integration, was used to give results tuat 
could be plotted directly. Small variations from the 
nominal values of R were used for convenience in 
computing. These values of R are given in table | 
A spot check of the results was made using the 
analytical solution of eq 6. 

The numerical integration was carried out using a 
time increment of 1/(207) times the natural period 
of the accelerometer. Eight decimal figures were 
used in the computation. 

The results are plotted in figures 3 to 11. Figures 
3, 4, and 5 give the response to a sinusoidal pulse of 
acceleration. Figure 3 gives the response when the 
natural period is about equal to the duration of the 
acceleration pulse. Figures 4 and 5 give similar 
results with the natural period about one-third and 
one-fifth, respectively, of the duration of the accelera- 
tion pulse. In each figure, the dimensionless applied 
acceleration, a, is shown by a dotted line; the re- 
sponse, &, with the damping ratio D=0 by curve |; 
with D=0.4 by curve 2; with D=0.7 by curve 3; 
and with D=1.0 by curve 4. 

Figures 6, 7, and 8 show the response to a tri- 
angular pulse of acceleration, and figures 9, 10, and 
11 show the response to a rectangular pulse. In each 
figure, the set of curves brings out the effect of vary- 
ing only the damping ratio D. 


IV. Discussion 


It is evident from an inspection of the figures that 
for none of the accelerometers considered does the 
time history of the dimensionless response £ coincide 
with the time history of the dimensionless accelera- 
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TABLE 1.—Errorf or accelerometers and acceleration pulses considered 


(6) (7 (s) 
Error Plotted 


. ; 
After shift Fig- 


Cc € 
E—@\ wax ure ary 


Emax Omax §—4\ mas 
HALF-SINE-WAVE PULSE 


1. 36 


ee ee 


Ps] 
Mw 
Al 
57 
8 
18 


17 
22 
25 
11 
10 
13 


FR Kms 


SQUARE PULSE 


1.00 
0.49 
53 
wO 
1.00 
0.50 
fT) 
wD 
1.00 
0” 
ww 
a») 


l 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 


tion a. In many cases, however, the coincidence can 
be markedly improved by considering the response 
curves to be shifted a small distance to the left. 
They can also be improved, in those cases where 
oscillatory response is present, by fairing a line 
through the oscillatory response. Both of these 
methods of record improvement are commonly em- 
ployed. 

The errors of the various accelerometers for the 
acceleration pulses considered are given in table 1. 
In columns 1 and 2, respectively, are given the 
accelerometer characteristics: R, ratio of natural 
period to pulse duration; and D, ratio of damping 
constant to critical value. 

In column 3, table 1, is given the difference be- 
tween the maximum value of dimensionless response, 
£, and the maximum value of the dimensionless ap- 
plied acceleration, a. The error varies from 0 to 100 
percent, 


In column 4, table 1, is given the largest absolute 
value of the difference ——a where & and a are evalu- 
ated at the same dimensionless time. The error 
varies from a minimum of 10 percent to a maximum 
of 136 percent. 

In column 5, table 1, is given the largest absolute 
value of the difference —a after shifting the & curve 
to the left by the amount Ar given in column 6. 
The error in this case is typical of the usual way of 
interpreting accelerometer records. This error varies 
from a minimum of 3 percent to a maximum of 136 
percent. If only etteth econo with damping are 
considered (D>0), the largest error is 32. percent 
when the accelerometer is subjected to accelerat on 
pulses of triangular or sinusoidal time his tories. 

On the basis of the few cases investigated, an 
optimum value of damping is indicated to be between 
0.4 and 0.7 of the critical value. It is also indicated 
that, to obtain an accuracy of better than 5 percent 
of the peak acceleration in measuring acceleration 
pulses having the general characteristics of the tri- 
angular or sinusoidal pulses, an accelerometer must 
have a natural period of less than about one-third 
the duration of the acceleration pulse. 

Acknowledgment is due to the Bureau of Aero- 
nautics, Navy Department, whose research pro- 
jects on vibration pickups have provided the impetus 
for the work presented in this paper. The authors 
also extend thanks to L. W. Roberson and I. Smith 
for assistance in computing the many response curves 
and preparing the figures and table. 
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Displacement of frame is y, displacement of internal mass is 2, relative displace- 
ment of internal mass with respect to frame is r= 2—y 
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Figure 2. Pulses of acceleration for which integration was 
* carried out: (a) half-sine-wave pulse, (b) triangular pulse, 
(c) square pulse. 
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Ficure 3. Response to a half-sine-wave pulse of acceleration 
dashed curve, of an accelerometer whose natural period is 
about equal to the duration of the pulse, R=1.014. 
Curve (1), damping coefficient zero, D=0; curve (2), damping coefficient 04 

of the critical, D=0.4; curve (3), damping coefficient 0.7 of the critical, ) 

curve (4), damping coefficient equal to the critical, D=1.0 
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dashed curve, of an accelerometer whose 


about equal to one-third of the duration of the pulse, R 


Curve (1), damping coefficient zero, D=0; curve (2), damping coefficient 0.4 
of the critical, D=0.4; curve (3), damping coefficient 0.7 of the critical, D=0.7; 


curve (4), damping coefficient equal to the critical, D=1.0, 
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Figure 5. Re sponse to a half-sine-wave pulse of acceleration, 
dashed curve, of an accelerometer whose natural period is 
about equal to one-fifth of the duration of the pulse, R =0.203. 

Curve (1), damping coefficient zero, D=0; curve (2), damping coefficient 0.4 
of the critical, D=0.4; curve (3), damping coefficient 0.7 of the critical, D=0.7; 
curve (4), damping coefficient equal to the critical, D=1.0. 
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Figure 6. Response to a triangular pulse of acceleration, 
dashed curve, of an accelerometer whose natural period is 
about equal to the duration of the pulse, R=1.014. 

Curve (1), damping coefficient zero, D=0; curve (2), damping coefficient 0.4 
of the critical, D=0.4; curve (3), damping coefficient 0.7 of the critical, D=0,7; 
curve (4), damping coefficient equal to the critical, D=1.0. 
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Fieure 7. Response to a triangular pulse of acceleration, 
dashed curve, of an accelerometer whose natural period is about 
equal to one-third of the duration of the pulse, R=0.338. 

Curve (1), damping coefficient zero, D=0; curve (2), damping coefficient 0.4 
of the critical, D=0.4; curve (3), damping coefficient 0.7 of the critical, D=0.7; 
curve (4), damping coefficient equal to the critical, D=1.0, 
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Ficure 9. Response to a square pulse of acceleration, dashed 
curve, of an accelerometer whose natural period is_about equal 
to the duration of the pulse, R= 1.014. 

Curve (1), damping coefficient zero, D=0; curve (2), damping coefficient 0.4 


of the critical, D=0.4; curve (3), damping coefficient 0.7 of the critical, ))=0 
curve (4), damping coefficient equal to the critical, D=1.0 


WMAINIT Vers 
‘ > . 





Acceleration ratio, a, 
oO 








l i 
Ss 1.0 





J 
uw 
o 


Time ratio,t 


Ficure 8. Response to a triangular pulse of acceleration, 
dash curve, of an accelerometer whose natural — is about 
equal to one-fifth of the duration of the pulse, R= 0.203. 

*’ Curve (1), damping coefficient zero, D=0; curve (2), damping coefficient 0.4 

of the critical, D~0.4; curve (3), damping coefficient 0.7 of the critical, D=0.7; 

curve (4), damping coefficient equal to the critical, D=1.0 
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Ficure 10. Response to a square pulse of acceleration, dashed 
curve, of an accelerometer whose natural period is about equal 
to one-third of the duration of the pulse, R=0.334. 

Curve (1), damping coefficient zero, D=0; curve (2), damping coefficient 0.4 
of the critical, D=0.4; curve (3), damping coefficient 0.7 of the critical, D=0.7; 

(4), damping coefficient equal to the critical, = 1.0. 
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Ficure 11. Response to a square pulse of acceleration, dashed 
curve, of an accelerometer whose natural period is about equal 
to one-fifth of the duration of the pulse, R=0.203. 
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Electrode Deterioration in Transmit-Receive Tubes 
By Judson C. French 


An investigation of the failure of a modified 1B24 TR (transmit-receive) tube revealed 
the cause to be the short circuiting of the pulsed keep-alive cathode to its anode, due to the 
formation of an unusual deposit on the cathode insulation and on the nearby anode surfaces. 
Analysis of the deposit showed that it originated at the cathode. To facilitate the investi- 
gation, diodes were constructed in which such parameters as distributed capacity, cathode 
material, current density and wave-form, and water vapor content of the gas fill could be 
readily varied while maintaining constructional features of the modified 1B24 relevant to 
the problem. The study disclosed that the glow discharge normally present breaks into a 
momentary are, which by local heating of the cathode frees the metal that forms the deposit. 
Critical factors in the processes were determined, and by their proper control the deposit 
could be reduced or under some circumstances eliminated. 


I. Introduction 


The transmit-receive, or TR, tube is an essential 
element of many types of modern microwave sys- 
tems. In a radar-type circuit it permits a single 
antenna to be used alternately by the transmitter 
and by the receiver. Its dependable operational life 
is of great importance not only to the operation of 
the system as a whole, but to the life of the receiver 
that it protects from the high power pulses of the 
radar’s own transmitter and those of neighboring 
systems. Incidence of such a pulse upon the tube 
causes a radio frequency discharge in its argon- and 
water-vapor-filled resonant cavity. The discharge 
detunes the cavity; the resulting mismatch reflects 
the incident signal and the sensitive receiver is thus 
protected from burnout. The protection is sufficient 
only if the discharge occurs rapidly enough to pre- 
ventYexcessive power leakage to the receiver. To 
ensure this rapid breakdown, a small supply of ions 
is maintained in a critical region of the cavity by a 
direct current (or pulsed) glow discharge, the so- 
called keep-alive discharge. Failure of the keep- 
alive discharge probably results in permanent dam- 
age to the receiver. 

In a specialized version of a 1B24 TR tube, a 
deposit short circuiting the keep-alive discharge was 
found to form in a short time, ending the useful life 
of the tube prematurely. The investigation of the 
short circuit and remedial methods form the subjects 
of this paper. During the course of the investiga- 
tion, |) was found that breakdown of the glow dis- 
charge into an are locally heated the cathode pro- 
ducing a metallic deposit that caused the short cir- 
cuit. The extent of the deposit could be controlled 
by reduction of distributed capacity in the discharge 
circuit or by proper selection of cathode material. 
Current wave-form and density and the gas fill were 
also found to influence the deposit formation. 


II. The TR Tube 


The tube is illustrated in figure 1, a. The keep- 
alive cathode surface is the circular end of the tapered 
portion of a cylindrical kovar rod (fig. 1, b and ¢). 
The rod is insulated along its length by 7052 glass, 





Ficure 1. The modified 1B24 tube. 


a, Exterior view of the tube; A, keep-alive cathode lead; 2, gas reserv: 
C, copper tube-body; D, internal resonant cavity containing cones betwer 
which radio frequency discharge occurs; EF, window, coupling radio frequen 
energy to resonant cavity. 

b, The keep-alive cathode assembly; F, the kovar cathode lead; G, glass insuls 
tion sealed to cathode lead 

¢, Cross section of cone tips in cavity; F, the kovar cathode lead; @, glass ins 
lation sealed to cathode; /7, hollow copper cone concentric to cathode servir 
as one Keep-alive anode; K, solid copper cone serving as a second anode. The 
radio-frequency discharge occurs between cones // and AK to detune the cavity 


which reaches its minimum thickness of 5 mils 
around the edge of the cathode face. Separation o! 
the outer edge of the glass insulation from the con 
centric hollow truncated copper cone anode is no! 
uniform, but in any event is of the order of several 
mils (fig. 1, ¢). : 

During certain phases of operation of the tube, th 
copper anodes are grounded white a negative poten- 
tial applied to the cathode from a high impedance 
source produces a square wave of current. Current 
density at the cathode is about 5 wa per square mil 
This abnormal glow discharge takes place in an 
atmosphere of argon and water vapor at a total pres- 
sure of the order of 10 mm Hg. Electrical and visual 
indications were that the short circuit limiting tl 
tube life appeared between the kovar cathode and tl 
concentric cone anode. 


This work was sponsored by the Bureau of Ordnance of the Navy Department, 


310 





. mils 
ion Ol 
ye con 
is not 
everal 
Te the 
poten- 
dance 
urrent 
‘e mil 
Im an 
| pres- 
visual 
iw the 
nad the 


Ill. Preliminary Investigation of the Short 
Circuit 

Short-cireuited tubes were disassembled to permit 
visual study of :he electrodes. This disclosed heavy 
deposits, as much as several mils thick, on the por- 
tions of the cones nearest the cathode and on the 
glass immediately surrounding the cathode surface. 
These deposits produced the short circuit at the point 
where they covered the edge of the insulating glass 
and bridged the gap between glass and concentric 
cone. 

That the source of the material was the cathode 
itself was suggested by the fact that the cathode had 
been destroyed to a depth of 5 to 10 mils, leaving a 
bright surface rather uniformly covered with small 
pits. The pit diameters were of the order of 10~* in. 
The suggestion was confirmed by _ spectroscopic 
analysis of samples of the deposited crust, which 
showed the principal constituents to be those of 
kovar, with the presence of small amounts of copper 
and silicon explained by their adherence to the crust 
when the latter was removed from the cones and 
insulation. 

The deposits were of unusual character. They were 
brittle, ef low density, and of irregular structure. 
Larger particles 5 mils thick on the cones appeared 
to be formed of small, smooth globules less than 1 mil 
in diameter. Filamentary structures built of similar 
small particles were also present. In no way did the 
deposit give the appearance of sputtered material. 

With sputtering of the cathode ruled out as the 
principal mechanism of the crust formation, another 
explanation was sought. The physical appearance 
of the cathode suggested one such explanation. This 
was that the cathode temperature exceeded the melt- 
ing point of kovar, the molten surface then present- 
ing a source of small droplets of metal, which by 
some means could be transferred to the surrounding 
areas, leaving behind the shiny, pitted cathode sur- 
face that was observed. To estimate the cathode 
temperature, it was assumed that cathode cooling 
was entirely by conduction, an assumption that 
proved reasonable since, at the cathode temperatures 
caleulated, the heat loss by radiation was of the 
order of 1 percent of the total loss. Under this as- 
sumption, the tapered region of the cathode lead was 
treated as a conical portion of a hollow sphere (see 
fig. 1, b) of inner surface at temperature ¢,, radius R,; 
and outer surface at f, radius R,. The fraction of 
the total surface of the sphere of radius R, inter- 
cepted by the tapered lead was equal to A=2.4 x 10~¢ 
An approximate expression ? for the heat conduction 
through the cone per second is then 


4n KR, R, 


ae my 


(t; —te) A. (1) 


Here K=0.046 cal/em (° C) see is the coefficient 
of heat conductivity for kovar. Neglecting conduc- 
tion through the glass walls, h; is the flow also 


M Ww Fishenden and O. A. Saunders, The calculation of heat transmission 
H.M Stationery Office, London, 1932). 


through the cylindrical portion of length /, radius r, 
of the cathode rod to the external lead at f;=30° C, 
then 
Kr? 
h, — (t2—ts). (2) 


Now the discharge conditions were such that the 
maximum power dissipated at the cathode was no 
greater than 0.15 w. Taking then A, =0.15 w=3.6» 
10-2 cal/see, eq 2 may be solved for the temperature 
ty of the junction of cylinder and cone. Equation | 
then yields a cathode temperature 4, of approxi- 
mately 500° C. This was 1,000 deg C below the 
melting point of kovar, precluding the melting of the 
cathode surface by this means. 

Another and more promising explanation was that 
the abnormal glow might, due to some unknown 
surface conditions, break into an are. Such an are 
could be maintained for a short time despite the 
high impedance of the current source, if the tube 
leads, ete., provided sufficient distributed capacity 
to store the energy needed for the are. Here would 
exist a means of locally heating the cathode, melting 
a small volume of the surface, and supplying the 
energy for its removal from the surface. 

Heating of the cathode by this means has been 
discussed by Jurriaanse and Druyvesteyn*® in a 
study of the breakdown from a glow to an are dis- 
charge. They have determined that such arcing in 
a gas at a pressure of the order of 1 mm Hg requires 
a minimum energy storage of 21077 j in the associ- 
ated capacity. This makes necessary a capacity of 
the order of 6 uyf at the voltages encountered in the 
tube under study. These voltages (150 to 200 v) 
were essentially the same as those encountered by 
Jurriaanse and Druyvesteyn (150 v). Furthermore, 
arcing of this type was observed by these authors 
more frequently in argon than other noble gases; 
and oxidation of the cathode, quite likely to occur 
in the TR due to its water vapor content, was found 
to be essential to the breakdown. 

With this in mind, distributed capacities of several 
tubes were measured with the tubes in place in the 
life test circuit, and typical values were found to be 
of the order of 20 wuf. This value is about three 
times the minimum reported by Jurriaanse and 
Druyvesteyn. Thus the voltage, capacity, and gas 
content of the modified 1B24 were certainly favorable 
for the production of ares. It remained to be found 
if the energy in such ares was ample for local melting 
of the cathode and removal of the molten drops, 
and also if the ares could be observed experimentally. 

Under normal operating conditions stored energies 
of the order of 'y CV?=4 1077 j=1077 eal existed in 
the distributed capacity. This energy was sufficient 
to raise to the melting point and fuse a mass M of 
the cathode material, found by the expression 


1/2 CV?=Mh, (tmp—t) + Mhy. 


The specific heat (A,) and heat of fusion (h,) of kovar 
were not available. Taking h,=0.16 cal/g deg C 


*T. Jurriaanse and M. J. Druyvesteyn, Physica 3, 825 (1936 
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and hy=48 cal/g, which are the values for iron, the 
most abundant component of kovar, 1, was found 
to be 510°" g. This mass of iron would occupy a 
hemispherical volume of diameter d,=2X10~ inch, 
which was of the order of magnitude of the pits 
observed on the cathode surface. 

The energy for removal of the molten metal was 
estimated by a calculation of the change in surface 
energy of the fluid (surface tension X area) as the 
surface area of the .V grams of cathode material was 
increased during removal. The small molten mass 
was assumed to occupy a hemispherical region at 
the cathode surface having an exposed area x(d,/2)’. 
Upon removal, the mass was considered to assume 
a spherical shape of area 47(0.794 d,/2), leaving 
behind a hemispherical pit whose exposed area was 
2r(d,/2)*. The factor 0.794 arises from the fact that 
the volumes of sphere and hemisphere were equal. 
A value of surface tension (S=1,500 dyne/cem) not 
likely to be exceeded by the cathode material was 
chosen. The energy required, H=44S_ [d7/8+4 
(0.794 d,/2)°— (d,/4)*] ergs, was found to be 4 107" 
cal. This was quite negligible by comparison with 
the energy available in a single are discharge. The 
energy to carry the mass from cathode to anode was 
even smaller, of the order of 107" eal. 

Visual and oscilloscopic observation of the glow 
discharge in the tubes showed conclusively that such 
ares did occur, the discharge voltage dropping during 
the readily visible ares as was expected. Old tubes 
operated on direct current showed bursts of ten to 
twenty ares, spaced at 5 minutes to an hour or more 
apart. The pulsed tube yielded arcs in groups of one 


or two per pulse for several pulses at irregular inter- 


vals. No statistical study of are frequency was 
made, but it was established that the frequency was 
considerably higher than the average required to 
supply the deposit at a rate of .W/ grams per are. 


IV. The Experimental Diodes 


To learn more of the parameters affecting the 
arcing, diodes were constructed with which to de- 
termine whether certain factors were important in 
the formation of ares or deposits and whether arcing 
was essential to the formation of the deposits. The 
factors were distributed capacity, cathode diameter 
and material, pulsing of the discharge current, water 
vapor in the gas fill, and shape of the anode. Elec- 
trodes of various types were used, but in all cases they 
were arranged as in figure 2. This represented a 
considerable simplification from the modified 1B24 
construction, but preserved the characteristics of its 
construction such as cathode shape, area and insula- 
tion, and electrode spacing, essential to the problem. 
An advantage of the construction was that the inher- 
ent capacity in the tube was less than Iupf. Addi- 
tional capacity could be connected externally between 
cathode and anode in any amount desired. 

As may be observed in figure 3, four different 
cathode types were used: 0.030 in. and 0.020 in. 
kovar glassed over except at the cathode face by 
about 0.030 in. of 7052 glass, 0.020 in. kovar, and 
0.020 in. 18-8 stainless steel insulated by porcelain 
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Ficure 2. Experimental diode number 2. 


A, anode 0.040-in. Ni red; RB, cathode insulation, 7052 glass: C, cathode, 0.000. 
kovar red; D, support insulation, Sauereisen number 78; E, envelope and pres 
of soft glass 


tubing. Anodes were all of grade A hydrogen fired 
nickel. These were 0.030 in. or 0.040 in. in diamete: 
with either a flat face or a conical point similar to a 
1B24 cone tip. 

Table 1 shows the combinations in which th 
variables listed above were studied in relation to 
deposit rate. In the table, all variables within a 
group are held constant except those designated by) 
bold-faced type. It is suggested that a relation 
between the varying parameters and the deposit 
resulting may be obtained readily by observing the 
bold-faced data and the corresponding brief desecrip- 
tion of the deposit in the right-hand column. 

It may be noted that in each group there was a 
repetition of important combinations from the pre- 
ceding group of tubes, which obviated concern ove! 
variation of conditions from group to group o! 
tubes. Indeed this demonstration of consisten! 
results from group to group indicated that compar'- 
son between the groups was permissible, yielding 
more extensive information than the bold-faced 
data suggest. However, the data printed in bold 
face is adequate for this discussion. 

Ten of the tubes were operated under direct cur- 
rent conditions, while the remaining twenty wer’ 
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TABLE 1. 


Variables within J 
imum current was 0.75 ma 
ind the correspondin, 


varyin 


a group were constant, except those printed in bold-faced type. 
A relation between t 
g description of the deposit in the right-hand column) 





Tube No ame 
Material 


Group 


Kovar 
do.. 
do 


do 
do 
do... 


do. 
do. 
do 
do 


do 
do... 
do 


18 8 steel 


Kovar 
Kovar 
do 
do 


Cathode 


| | 
| Insulation | Diameter 


Glass 
| 
do 


do... 
do 
do 


do 
do 
do 
do 


do. 
do 
do 


Ceramic 
Ceramic. 
Glass 
Glass 

do 


in. | 
0. 0380 
. 10 

. 030 | 


020 
. 020 
020 


. 020 
020 | 
020 
020 


020 
. 030 | 
030 


020 


020 
. 020 
020 
030 


Shape of face 


Flat 
do 
do 


do. 
do 


do 
do 
do 
do 


Pointed 


Pointed 


Flat 
Pointed 


Flat 


Anode (Ni) 


Diameter 


m. 
0. 040 
. 040 
. 040 


"030 


Gas fill 


A+H,0 
A+H,0 
A+H,0 


A+H,0 
A+H,0 
A+H,0 


A+H,0 
A+H,0 


A+H,0 | 


A+H,0 


A+H,0 
A+H,0 
A+H,0 


A+H,0 | 


A+H,0 
A+H,0 

A only 
A+H,0 


Cathode deposits produced in the experimental diodes 


Capacity 


mul 
0 
57 
1, 100 


0 
570 


1, 100 
1, 100 
1, 100 


1, 100 


1, 100 
1,050 
1,050 
1,070 


For all tubes, the nominal run was 100 hr., electrode gap was 0.025 in., and max- 
parameters and the deposit produced may be obtained by observing the data in bold-faced type, 


Deposit (brief 
description) 


Current 
type | 


Negligible 
Very small 
Small. 


Negligible 
Small 
Moderate 


Negligible 
Do 
Very large 
Moderate 


Very large 
Large 
Do 

Negligible, except 

32, small 
Largest obtained 
Very large 
None. 
Large 
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Ficure 3. Electrode types used in experimental diodes 
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pulsed, using a thyratron circuit to provide a quarter 
sine wave of current with fast rise and sinusoidal 
deeay at a 60 c/s repetition rate. 

During the arc, extra current was drawn momen- 
tarily from the pulser due to reduced tube resistance. 
This produced a pip super-imposed on the quarter 


wave trace obtained by connecting an oscilloscope 
across a resistor in series with the tube, thus indi- 
cating the occurrence of the are. The are rate and 
capacitor energy were found to be in proportion to 
the deposit in cases where these factors were meas- 
ured. 

The gas fill was the same as that in the modified 
1B24 with the exception of the series in which water 
vapor was omitted to study its effect upon the de- 
posit. Each of the tubes was run approximately 
100 hr. 

It was established that arcing occurred in the diodes 
at the capacity measured for the 1B24. Larger 
values were used in the runs, however, to increase 
the size of the deposits and to make their comparison 
easier, as deposit measurement was accomplished 
by tracing enlarged shadowgraphs of the electrodes 
seen on a microcomparator before and after the run. 

Figure 4 presents sample tracings obtained from 
the shadowgraphs before and after 100-hr runs. 
On these may be seen the irregular conductive de- 
posits, which, as the cathode deteriorates, build up 
on the insulator surrounding the cathode to provide 
the shorting bridge. 


V. Discussion of Diode Results 


Early experiments established that the deposits 
observed in the diodes were proportional to the are 
rates in these tubes. Thereafter, the deposit shadow- 
graph made at the end of a 100-hr run was used as 
an indication of the total number of ares that had 
occurred in a given tube. An occasional check on 
are rate, however, was maintained visually during the 
runs. By study of a tabulation of the varying 
parameters similar to table 1, together with a com- 
plete series of shadowgraphs for the tubes, it was 
possible to determine the principal factors in the 
formation of the short circuiting deposits. 
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CAPACITY 


ZERO HOURS 100 HOURS ZERO HOURS 





CATHODE MATERIAL 
ZERO HOURS 100 HOURS 








CATHODE DIAMETER 


PULSED vs D.C. CURRENT 


100 HOURS 


= 


ZERO HOURS 100 HOURS 


PULSED 
CURRENT 
(#17) 





WATER VAPOR 


ZERO HOURS 100 HOURS 











Figure 4. Examples of cathode tracings. 


Microcomparator tracings of cathode profiles at the beginning and end of a 100-hr run show the effects produced on the deposit 
by variation of five tube parameters Dotted lines indicate the location of the cathode conductor within its insulation 


1. In the absence of external capacity when the 
total capacity at the tube of electrodes and circuit 
wiring is of the order of luuf, neither arcs nor de- 
posits of the type under consideration occurred. 
The capacity in this case was but one-twentieth of 


that of the 1B24 in its life test cireuit. Upon addi- 
tion of external capacity both arcs and deposits ap- 
peared, and the magnitude of the deposit increased 
for larger capacity. The are as the mechanism of 
the deposit and the necessity for are energy storage 
in the distributed capacity were clearly established. 

2. Decreasing cathode diameter with attendant 
rise in current density at the cathode resulted in an 
increasing deposit rate. The arcing rate increased 
at the same time. 

3. The anode shape was not found to be a particu- 
larly important factor. The fact that the pointed 
anode had little effect on the anode deposits indicated 
that the deposited substance was uncharged. 

4. Pulsing of the discharge increased the deposit 
rate over that obtained under direct-current condi- 
tions. It is probable that surface conditions neces- 
sary for the are breakdown had arisen between current 
pulses in this case, while a direct-current discharge 


may have discouraged these conditions by constant 
cleaning of the cathode. 

5. Water vapor played a decisive part in the for- 
mation of the deposits. Neither ares nor deposits 
were obtained in the tubes from which water vapor 
was omitted, indicating that this vapor may be es- 
sential to establishment of the surface conditions 
mentioned before. This fact, together with (1) and 
(4), is in accord with the findings of Jurriaanse and 
Druyvesteyn previously mentioned. 

6. A most important factor is the cathode mate- 
rial. Eighteen-eight stainless steel represents a great 
improvement over kovar. As shown in the table 
previously, for only one of three 18-8 cathodes were 
ares observed at ail. This arcing was delayed for 6! 
hr, and the small deposit that was formed was high!) 
localized by comparison with those on the kova! 
electrodes. The remaining 18-8 cathodes showed 
negligible deposits. Seante tracings of kovar ané 
18-8 cathodes (fig. 4) clearly show the relative exten! 
of deposit. 

Since glass does not seal to 18-8 steel, it was 
necessary to use a slip-on insulator, in this case por 
celain, with this metal (fig. 3). The electrode design 
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povided a narrow gap between the cathode and the 
ramic to avoid a probable one point contact be- 
veen cathode and ceramic in the absence of a per- 
foet fit. Beeause all of the kovar cathode tests had 
been run with sealed-on glass insulation, a control 
rest was made in which the relative deposit rates of 
lass- and porcelain-insulated kovar cathodes were 
measured (table 1, group V, tubes No. 29, 31, 33, 
5). This control test showed a somewhat larger 
are rate in the latter case, which at first thought ap- 
pears contrary to the practice, generally accepted in 
tube development, of discouraging are back by just 
such separation of a negative electrode from its in- 
sulation. The practice arose after the study by Is- 
sendorf, Schenkel, and Seeliger * of the effect on are 
back of various insulating materials in contact with 
a negative electrode. In the present case, the ex- 
planation of the apparent discrepancy probably lies 
in the difference of insulator material, and use of 
quartz, alundum, or even glass instead of porcelain 
might have avoided the discrepancy. The question 
was not pursued, since the improvement derived from 
use of 18-8 stainless steel cathodes far outweighed 
the disadvantage of the insulator choice, leaving no 
question as to the importance of the choice of cathode 
material, 

The remedial steps suggested by this work are clear. 
Distributed capacity should be reduced as far as 


‘J. von Issendorff, M. Schenkel, and R. Seeliger, Wiss. Verdff. Siemens-W erk. 
a, ud 


possible. Pulsing the discharge should be avoided 
when permissible, and the cathode current density 
should be as low as possible. Ideally, water vapor 
or other active gas or vapor should be omitted from 
the tube. This is an unobtainable ideal in most 
cases; an electronegative component is usually re- 
quired in a TR tube in order to keep recovery time 
adequately short. The steps mentioned so far are 
generally limited in their feasibility by the partic- 
ular application of the tube. One factor, the cath- 
ode material is usually not so determined. It has 
been shown that selection of this material is a critical 
factor in determining the life of a tube. It should 
therefore be possible to extend the life of TR tubes 
operating under the assumed conditions, where life 
is prematurely ended by keep-alive short circuit, by 
substitution of a ceramically insulated 18-8 stainless 
steel cathode for the customary glass insulated 
kovar cathode. The results described here might 
well be of value in the design of any electron tubes 
wherein high current density glow discharges are 
maintained between electrodes in close proximity. 


The generous and valuable advice of John E. 
White, Chief of the Bureau’s Electron Tube Labora- 
tory, and of Wm. G. Dow of the University of 
Michigan is gratefully acknowledged. 


WasHInGctTon, May 11, 1950. 
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Test Mixtures for Distillation at Atmospheric and 
Reduced Pressure’ 


By Charles B. Willingham? and Vincent A. Sedlak * 


In this paper are reported values for the separation factor for distillation for each of the 


three pairs of diethylbenzenes for pressures from 30 to 800 mm Hg. 


Also given are data on 


the refractive index as a function of composition for the system 1,2-diethylbenzene and 


1 ,3-diethyvlbenzene. 


A mixture of 1,2-diethylbenzene and 1,3-diethyl- 
benzene was selected on the basis of boiling point, 
separation factor, and expected ideality for use as a 
test mixture for investigating the separating effi- 
cleney, at pressures in the range from 30 to 760 mm 
Hy, of the retary concentrie-tube [1,2]' and other 
distilling columns [3]. As there is a difference of 
0.0078 in the values of the refractive index, np at 
25° C, of the two pure components, it is possible to 
analyze this mixture refractometrically within one 
and one-half percent of the composition from meas- 
urements of refractive index made to the nearest 
O.0001, 

his investigation was performed at the National Bureau of Standards as part 

the American Petroleum Institute Research Project 6 on the Analysis, Puri 

ition, and Properties of Hydrocarbons 
_? Now with the Mellon Institute, Pittsburgh, Pa.; formerly with the National 
Hureau of Standards 

Now with the American Petroleum Institute Research Project 6 at the Carne- 

me ag Technology, formerly a Research Associate at the National Bureau 

standards 

* Figures in brackets indicate the literature references at the end of this paper 


Accordingly, known mixtures of 1,2-diethylben- 
zene and 1,3-diethylbenzene, having compositions 
near 25, 50, and 75 percent of the former, were made 
up accurately by weight, by using samples of puri- 
fied compounds corresponding to the material pre- 
pared for standard samples [4]. Measurements of 
the differences in the refractive index of these mix 
tures and of pure 1,2-diethylbenzene, with respect to 
pure 1,3-diethylbenzene, were made by using a 
modified Abbe-type precision refractometer [5]. 
The results, expressed as the difference between the 
refractive index of the mixture and of 1,3-diethyl- 
benzene, are as follows: 

For 1,3-diethylbenzene and 1,2-diethylbenzene, at 
25° C 


np(mixture) — np(1,3-diethylbenzene) 


0.00782N —0.00008.N2, 
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where np is the refractive index, and N is the mole 
fraction of 1,2-diethylbenzene in the mixture. The 
foregoing equation reproduces the experimentally 
observed values of refractive index within +0.0001. 

The number of equivalent theoretical plates at 
total reflux in a rectifying section may be calculated 
from the equation [6,7] 


n+1=[1/loga] log [(N4/Np)"*4/(N4/Ny)”], 


where 


a= FP,/P;. 


P* is the vapor pressure of the given component in 
the pure state at the mean temperature, N is the 
mole fraction of the given component in the liquid 
phase in the head or pot as indicated, and A and B 
represent the more volatile and the less volatile 
component, respectively, in an ideal binary solution. 

Binary mixtures of the isomeric diethylbenzenes 
are expected to be substantially ideal as regards the 
relation of vapor pressure to composition (high 
efficiency distillations of aromatic concentrates have 
disclosed no nonideality between close-boiling iso- 
meric aromatic hydrocarbons) [8,9]. The data on 
the vapor pressure as a function of temperature of 
the pure components recently reported from this 
laboratory [10] were reduced for each of the three 
pairs of isomers to give values of a at mean tem- 
yeratures corresponding to average vapor pressures 
Raleemn 30 and 800 mm Hg. For convenience in 
evaluating the separating power of distilling columns, 
the separation factor, 1/logja, as a function of the 
logarithm of the average pressure for the components, 
between 30 and 800 mm Hg is presented graphically 
in figures 1 and 2. 
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Values of the separation factor as a function of the 
logarithm of the average pressure. 


Figure |. 


The scale of ordinates gives the values of the separation factor, 1/log;ea, and the 
scale of abscissas gives the values of the logarithm of the average pressure in mm 
Hg. Curve A is for the mixture of 1,3-diethylbenzene and 1,2-diethylbenzene. 
Curve B is for the mixture of 1,3-diethylbenzene and 1,4-diethylbenzene. 
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Values of the separation factor as a function of the 
logarithm of the average pressure. 


Ficure 2. 


The scale of ordinates gives the values of the separation factor, 1/logya, and th: 
seale of abscissas gives the values of the logarithm of the average pressure in mn 
Hg for the mixture of 1,2-diethylbenzene and 1,4-diethylbenzene. 


\t 1 atm pressure, the values of the boiling points 
for the three isomers are as follows [10]: 


1,4-diethylbenzene, 183.75° C; 


‘ 


1,2-diethylbenzene, 183.42° C; 
1,3-diethylbenzene, 181.10° C. 


The values of @ at the mean boiling point at | atm 
for each of the three pairs of isomers are calculated 
from the data of reference [10] as follows: 


1,3-diethylbenzene and 1,4-diethylbenzene, 1.0677; 
1,2-diethylbenzene and 1,3-diethylbenzene, 1.0591; 
1,2-ciethylbenzene and 1,4-diethylbenzene, 1.0081. 


Although only one of the three pairs of isomers 
may be analyzed as a mixture refractometrically, all 
three pairs may be analyzed by infrared spectre- 
photometry [11], since purified standard samples of 
each of the three diethyibenzenes are now available 
[4] for spectrometer calibration. 


Grateful acknowledgment is made to Frederick 
D. Rossini for his suggestions in the course of this 
investigation, and to Alphonse F. Forziati for the 
measurements of refractive index. 
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tilling column at reduced pressure. 
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Aging of Karakul and Seal Fur Skins 


By Edward T. Steiner and Elizabeth R. Hosterman 


Physical and chemical data are presented for two types of fur skins of widely different 
dressings and characteristics to show that deterioration takes place when furs are stored 


under conditions considered noninjurious. 


There occur during storage an appreciable loss 


of strength amounting to as much as 25 to 40 percent, and a change in certain chemical 


properties. 


tives and lower grease contents (petroleum ether extractives) than less aged skins. 
correlation exists between the observed changes in chemical and physical properties. 


Pelts weakened by aging showed increased soluble nitrogen and water extrac- 


A fair 
The 


presence and quantity of copper in the weakened pelts offer the only reasonable explanation 
for the cause and the extent of the deterioration. 


I. Introduction 


The value of dressed fur skins used annually in 
his country is estimated at several hundred million 
lollars. The more than moderate investment that 


s required in the purchase of fur garments does not 
lways seem to be commensurate with the expected 


‘to 10-year service life of most furs. By contrast, 
roperly tanned leather may be expected to last 
rom 10 to 40 years when not subjected to severe 
brasion or chemical action. If the causes for the 
elatively short life span of the processed furs could 
discovered and eliminated, there would result 
onsiderable economic advantage to the consumer, 
he distributor, and the manufacturer. 

Various reasons have been offered for the relatively 
wor wearing qualities of fur garments. In the first 
lace, the skins from most fur animals are naturally 
veak. Secondly, the procedures for dressing the 
‘Kins are not so highly developed as those for making 
eather, primarily because of the purposes for which 
he furs are intended. In straight leather making, 
emoval of the hair is required. The process of 
emoving it tends to give better quality leather. 
With furs, the hair, of course, must be left on. Cer- 
ain chemicals and tanning agents suitable for leather 
uanufacture adversely affect fur quality and appear- 
ince, and cannot be used for fur dressing. It is the 
um of fur dressers to keep the weight of the dressed 
wlts light, while the leather manufacturer usually 
‘irives to give weight to his product. 

Carelessness on the part of the consumer is often 
esponsible for the poor service given by furs. Im- 
roper drying after exposure to the elements, faulty 
leaning methods, and storage in polluted atmos- 
pheres materially shorten the life of fabricated furs. 


Such factors, however, do not account for the loss 
of strength of furs that have never been exposed to 
such conditions. Fur skins frequently become weak 
with age, apparently without cause. 

The source of the deterioration is not apparent 
because the leather is concealed from view between 
the hair of the fur and the lining of the garment. 
The present work was undertaken to investigate the 
possible causes and extent of deterioration occurring 
in fur skins stored under conditions that would not 
be expected to cause losses of strength. 

The Government’s interest in furs centers about 
a protective and advisory role. It wishes to assist 
and cooperate in helping to bring about maintenance 
of a constant supply of fur animals, whether they be 
wild or captive. hrough its agency, the Fish and 
Wildlife Service, Department of Interior, the Govern- 
ment compiles results of surveys of state agencies on 
the stock of various species and enacts aiden 
based on these statistics, regarding the “take’’ of 
the animals, in order to provide a balance between 
supply and preservation. Through another of its 
agencies, the Fur Farming Investigations, of the 
Department of Agriculture, economical methods of 
feeding, breeding, and management of fur animals 
in captivity are studied. 

Examples of the work the Government has been 
doing along these lines include supervision of the 
annual catch of Alaskan fur seals off the Pribilof 
Islands and experimentation in the breeding of 
Karakul sheep. 

Alaskan seal furs are furs of distinction and im- 
portance in the industry. By far the world’s largest 
supply comes from the Pribilof Islands off the coast 
of Alaska. Until 1910 pelagic sealing, which means 
the killing of seals in water, almost resulted in the 
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extinction of the herd. Through the efforts of this 
country, a treaty that prohibited the pelagic sealing 
operations was drawn up between the United States 
and other sealing countries. Fur sealing operations 
are now directly under the control of the Federal 
Government, and as a result the herd has grown from 
a state of near depletion to about 3,000,000. Each 
year the Government, after estimating the number of 
animals, specifies how many seals may be taken from 
the herd for fur purposes. The killing is made under 
Federal supervision, after which the skins are shipped 
inland, processed under Government contract, and 
sold at public auction. The income from the seal 
industry to date has netted the United States ap- 
proximately $100,000,000. 

Karakul type lambs are valuable in the manu- 
facture of fur coats and fur-trimmed garments. 
Since importation of the live animals from countries 
in which the breed is being grown is prohibited by 
legal restrictions, because of serious diseases of the 
animals, multiplication in this country must be 
through breeding and cross-mating of harakuls. 

Since 1928 the Bureau of Animal Industry, U.S. 
Department of Agriculture, has been conducting 
cross-breeding experiments in which Karakul rams 
have been mated with ewes of the more available 
American types. The purpose of the cross-breeding 
is to compare the quality of fur produced thereby 
with fur produced on purebred Karakuls. The 
value of the vearly crops of the resultant skins is 
judged for that Bureau by appraisers in the Persian 
— fur industry, after which the skins are dressed 
according to commercial procedures. 


II. Description of the Furs 


The Alaskan seal furs were used as standards of 
comparison in 1939 in evaluating tannages of various 
bidders in connection with contract awards for the 
dressing of the Government’s annual take of seals 
from the Pribilof Islands. Replicate samples of the 
standards were stored under conditions generally 
considered satisfactory for preservation, in the 
National Bureau of Standards leather laboratory, 
for 10 years. A limited number of properties were 
studied in 1939; the same tests were repeated on the 
storage samples in 1949. Some of the results were 
found suitable for comparison with those obtained 
on the lambskins. 

Case histories of the seal furs are not known. 
Each pelt appeared to be of good quality, the skin 
being dressed by an oil process, and the fur dyed 
either an attractive brown or black shade. 

A limited number of the dressed lambskins were 
made available to this Bureau through the courtesy 
of the Bureau of Animal Industry, as a part of a 
cooperative project relative to investigations on the 
effect of dressing procedures and other factors on the 
strength and durability of fur skins. 

The Karakul pelts are excellent subjects for in- 
vestigation, because of the wide age range of from 3 
to 20 vears. Unfortunately, information concerning 
the freshly processed skins is not available. In 
studying aging effect, certain physical and chemical 
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Fievre l. Location of test pieces for physical tests on lambskin 


properties of the fur skins can be defined that ar 
indicative of the changes that take place as th 
storage period of the skins increases. 

Specimens of the lambskins, representative of th 
yearly crops of 1929, 1930, 1931, 1932, 1933, 1944 
1945, and 1946, were submitted. The number o/ 
skins available did not permit sampling an equa 
number for each year group. In addition, pelts 
within a year were composed of purebreds and cross- 
breds, and it was necessary to observe whether aging 
qualities of purebred Karakuls differed from thos 
that were crossbred. Specimens of each group wer 
selected for physical tests in aecordance with th 
scheme shown in figure 1. Remnants from the phys 
ical test pieces, as well as the remainder of the pelt 
from which they were cut, were ground to serve a 
samples for chemical tests. 


III. Effect of Crossbreeding in Relation tc 
Strength of Karakul Pelts 


A comparative study of the effect of breeding was 
made on three skins of 100-percent Karakul, and on 
three skins of 50-percent Karakul, for the years 15! 
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1931, and 1932. Breaking strength and stitch tear A 
values were determined in accordance with the meth- 
eds outlined in Federal Specification KK-L-311, 
Leather and Leather Products; General Specifica- 
tions (Methods of Sampling, Inspection, and Tests). 

Stitch tear B specimens were prepared in the fol- 
lowing manner. The two free ends of the 1- 
by 5-in. specimens were sewn together by a local 
furrier who used equipment and technique of the 
industrv. The resultant loop was then cut with 
scissors so that the stitched seam was in the center 
of the specimen. The ends were then placed in the 
jaws of a tensile testing machine, and the foree re- 
quired to pull the stitchings through the leather was 
measured. 

Burst values were obtained on equipment modified 
for testing leather by Bureau personnel. The 
apparatus fastens to the cage used in compression 
measurements on a machine of the Tinius Olsen 
Electromatic Tester type. The principle is essen- 
tially the same as for the usual \lullen burst tester, 
except that the plunger is entirely metal and of 
smaller diameter than the Mullen’s rubber dia- 
phragm. The modified equipment has greater test- 
ing capacity than the Mullen and is capable of test- 
ing leathers of high stretch values. The plunger 
was forced against the flesh side of the leather. 

The average values for the physical properties of 
the two breeds are shown in table 1, for the years 
specified. 


Comparison of strength and purity of breed of aged 


Karakul pelts 


Tare | 


Year of crop 
Purity of 
breed 
1830 1931 1482 


Percent 
273.0 100 
12.6 ») 
6.8 100 
46 


Breaking strength (Ib/'9-in.-wide / 

| 

| 

| 

; os ‘ 6.0 
. a 

j 

| 


strip 

Stitch tear A (Ib 
Stitch tear B (Ib 24 
112.0 


surst (it e 
Bu Ib 53.0 


The results show that, on the average, the differ- 
ence of each physical property between the two puri- 
ties of breed is greater than that which occurs or can 
be accounted for in the measurement of the individual 
specimens within a breed. 

The data show highly significant differences due to 
breed at the 1-percent level for the first two proper- 
ties listed, and differences significant at the 5-percent 
level for the stitch tear B and burst values.  Signifi- 
rance at the l-pereent level means that if no real 
difference existed, then a difference as large as that 
observed or larger would occur only once in a hun- 
dred times on the average. Significance at the 5- 
percent level means that if no real difference existed, 
then a difference as large as that observed, or larger, 
would occur only five times in a hundred times on the 
average. Therefore, one can assume that a real 
‘ifference exists between the two breed types of sheep 


YO442S8- 50 


and that the degree of confidence one can have in the 
difference, as represented by the results of the various 
tests, is greater for the tests of 1-percent significance 
than those of 5-percent significance. 

In finding the aging effect within a breed, only the 
100-percent Karakuls were studied. Sufficient speci- 


mens of the 50-percent crossbred type were not avail- 
able for similar comparison. 


IV. Physical and Chemical Properties of the 
Furs 


The physical properties of the 100-percent Karakul 
skins for various vears of age are shown in table 2. 

All of the determinations were made on test pieces 
with the fur on, as it is practically impossible to 
remove the fur without damaging the test pieces. 
Efforts to remove the hair by means of clippers, 
electric razors, buffing, and the like were unsuccessful, 
and the results of the strength data are expressed, 
therefore, without regard to thickness. 

There is no evidence of yearly or gradual changes 
in physical properties, particularly strength, during 
the storage periods. However, if the skins of 1930, 
1931, 1932, and 1933 are grouped and compared, 
with the skins of 1945 and 1946 considered as 
another group, significant differences are indicated 
insofar as breaking strength, furrier sewn-stiteh 
tear (B), and burst values ave concerned. 


Tar.e 2. Physical properties of aged 100 percent Karakul 


fur skins 


Year of crop 


Property Group I Group Il 


1931 1982 1983) 1945 1046 


Breaking strength (Ib) 2.3 6.4) B 19.3 38 33.5 
Stretch at break (Ib) 31.3 37.0 | 31.2 | 35.9 | 37.3 2.4 
Stitch tear A (Ib) 5.4 6 6 7 i 6.2 


7 “6 2 

Stitch tear B (lb) : 6 94/'°13.5 141 

Burst (Ib) 3 112 $ 142.0 

Water vapor permeability (mg/min) 4! 4 5 5 6 4.5 
Resilience coefficient (parallel to back- 

bone : 26 : : a4 0.21 

Shrink temperature (° C) 5S 7 ( 52.7 | 54.0 


\ comparison of data in groups I and II indicates 
that there has been loss in strength of the lambskins 
during the longer storage periods. 

On the assumption that the loss of strength is 
caused by a decomposition process, the six age groups 
were examined chemically. The constituents of the 
skins determined were moisture, grease (petroleum 
ether extract), total and insoluble ash, water sol- 
ubles, and total and soluble nitrogen. The results 
are tabulated in table 3, on a dry combined leather 
and hair basis. The same difficulty in removing the 
hair from the chemical test specimens was experi- 
enced as with the physical test pieces. The incom- 
pleteness with which the fibers could be removed 
from the grain, and the uncertainty of how much 
remained within the grain after clipping or shearing, 
prompted the decision to sample the whole pelt 
for the comparative chemical analysis. 
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Tarte 3. Chemical constituents of the yearly crops-——100- 
percent Karakul 


Year of crop 
Constituent Group I Group I 


19% 1931 1432 1983 1045 1946 


Percent Percent Percent Percent Percent Percent 
- 4 


Grease (dry)* 6.97 6. 27 0.65 &. 41 10. 55 10. 27 


Ash, total (dry f 6. 6.70 5. 52 5. 
Ash, insoluble (dry : 2.79 220 2.02 2.31 1.98 
Water solubles (dry : ose 10. 34 W 5.60 6.58 
Protein, total (dry a» 74.80) &S.73 2.7 60.74 71.15 
Protein, soluble (dry) 7 3.15 4.10 : 1.24 1.18 
pH 3.5 3.5 5 3 3.3 a4 


* Petroleum ether extract 


Although the percentage of hair or wool may vary 
from pelt to pelt, the procedure of including the hair 
in the examinations is probably no less accurate than 
one using samples from which the hair had been 
only partially removed. The factor 5.62 is used to 
convert the nitrogen value to protein. 

As in the data for the physical properties, there 
seems to be no yearly or gradual change in chemical 
properties. If, however, the skins are again grouped 
and compared as follows: 1930, 1931, 1932, 1933 
versus 1945 and 1946, significant differences are 
noted in the grease (petroleum ether extract), water 
solubles, and soluble protein of those two groups. 

The amounts of grease extracted with petroleum 
ether are lower for the more aged skins. It is possi- 
ble that some of the grease in the skins has volatilized 
during the long storage periods, but it is also possible 
that some free oils in the pelts have oxidized during 
the years of aging. The oxidized oils would not be 
recoverable by the petrolic solvent and would there- 
fore appear as apparent losses of grease. Compared 
with group IL, group I pelts show an approximately 
25 percent lower petroleum ether extractive value. 
Using the same solvent, black and brown seal furs 
showed, respectively, reductions of 11.5 and 14.1 
percent of their original grease contents. 

In contrast to the “lower’’ grease content in the 
lambskins, the water soluble contents are higher for 
the more aged skins. This is to be expected, for if 
a deterioration is occurring it should be reflected in a 
higher proportion of water solubles, as soluble nitrog- 
enous decomposition products are found in the 
water solubles. 

Summation, on a dry basis, of the total protein 
value, grease, insoluble ash, and water solubles 
accounts fairly well for the total composition of the 
skins. The composition accounted for by the addi- 
tion of these items, for the vear groups, is as follows: 


Percent- Percent- 
age age 


1930 96. 6 1933 92. 1 
1931 93. 1945 88. 2 
1932 90. 1946 89. 9 


appreciably for dressings of each year. It 


One-hundred-percent recovery is not expect sing 
these skins are predominantly alum-tanned — Thp 
methods of analysis provide no means of acco. ting 
for all the components of the skins. It appear- tha; 
as deterioration proceeds there occurs a brea! ow) 
of the mineral complex, which is reflected in the « ter 
solubles value. High water soluble values relat. wel} 
with low residual strengths remaining in the skins 
Not only are soluble nitrogenous decomposition prod- 
ucts found in the water solubles, but other orvanic 
matter as well. If the water soluble values are cor. 
rected for soluble ash, and the remainder considered 
as organic matter, the latter correlate inversely wit, 
strength values. In table 4 are shown the calculated 
values of the residual organic matter compared with 
burst values. 


Tarte 4. Relation of soluble organic matter to burst values 


Organic Organic 
matter Burst matter 
(calculated (calculated 


Percent Percent 
&. 62 7 
6.04 i Wh 2.; 
5.34 3 


The correlation may be fortuitous, but these two 
properties certainly appear worthy of inclusion in 
observing changes occurring in aging fur skins. 

The results of pH determinations on the lambskins 
preclude the possibility that the skins deteriorated 
because of red rot. The pH values lie in a range 
considered safe for leather preservation. Similarly 
pH values of 3.5 and 3.0, obtained respectively for 
the black and brown seal furs after 10 vears storage 
show that they are not dangerously acid. 

Sulfur values, expressed for simplicity as BaSO,, 
for the two age groups of the lambskins are: 


19380 to 19383 1945 and 194+ 
( ‘ 


‘ 


« 
Total__- 12.3 12.2 
Soluble. . 1.9 ot) 


The values are high for both groups because of th: 
inclusion of hair in the sample. The data show no 
change in sulfur content, and consequently no in 
creased sulfuric acid content. It seems safe to assum: 
that no acid deterioration has taken place in the 
skins. 


V. Effect of Copper and Iron on the Strength 
of the Leather 


Qualitative tests of the ash of the six groups o! 
lamb furs showed the principal constituents, other 
than alkali salts, to be aluminum, iron, copper, and 
some phosphates. Aluminum probably constitutes 
the tanning agent, while the copper and tron are 
integral parts of the dyeing process. 

Determinations of the amounts of these mets's 1 


the ash show that the ratio of each has not cha: eee 
uld 
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appear from the totals that the tanning and dyeing 
of the furs from year to year had not been changed 
the extent of altering the characteristics of the 
The amounts found are shown in table 5. 


lo 


pelts. 


Parte 5. Metallic constituents of ash (expressed in percentages 
of leather plus hair) 


Year of crop 


Constituent Group I Group II 


1930 1931 1Ms2 1933 1945 1946 


cr er : c ‘ 
‘ ‘ t t t 
1.06 114 0.89 Os! 
0.54 0.68 hs Hs 7s 
30 22 3 5 4 Is 


rotal 1.0 1. 6S 1.77 


The copper values differ significantly (at the 5- 
percent level) between the two age groups. This 
may be meaningful. It has been postulated by a 
number of investigators that when copper and iron 
are present as impurities in vegetable-tanned leath- 
ers, deterioration is accelerated. Kanagy,' in not- 
ing the lack of agreement in the conclusions of the 
investigators, conducted accelerated aging tests by 
exposing quebracho and = chestnut-tanned leather 
impregnated with various salts of copper and iron, 
to an atmosphere of oxygen at 100 Ib/in? and 100° C. 
His conclusions, in part, are as follows: All leathers 
containing added copper showed more deterioration 
than corresponding untreated leathers. Most of the 
deterioration occurs above pH 3. The increase in 
the rate of deterioration with increasing copper con- 
tent is most rapid for amounts less than 0.2 percent. 
At pH values above 3.5, the effect of iron on the rate 
of deterioration is not appreciable. At lower pH 
values the deterioration appears to be a function of 
pH! rather than iron content. For equal amounts of 
the metal added, that in the form of the sulfate was 
more active than that added as the acetate or lactate. 

lt is to be noted that the copper content for the 
strongest skins is less than that for the weaker skins. 
The content correlates fairly well with the yearly 
degradations. 

The only physical test, as an indication of strength, 
made on the seal samples in 1939 was breaking 
strength. This property remeasured 10 years later 
on replicate samples was considerably lower, indicat- 
ing deterioration during the storage period for both 
the brown and the black-dyed samples. Black-dyed 
pelts had lost more strength than brown-dyed pelts. 
Prior to storage, the pelts of both colors had approxi- 
mately the same strength. Qualitative chemical 
walyses showed that the black dye was produced 
iiainly with iron and copper salts, while the brown 
was achieved by the use of salts of tin, copper, chro- 
mium, and iron. Other metals were present in very 
small amounts in both varieties, but the magnitude of 
the amount did not justify quantitative analysis. 

Comparison of available data, both physica! and 


K. Kanagy, J. Am. Leather Chem. Assoc. 38, 352 (1938). 


chemical, of the Karakul and seal furs are shown in 
table 6. 
Tare 6. Comparison of Karakul and seal furs 
Fur 
Condition 


Black | Brown 
sea seal 


Karakul 


M0 8.0 
3.8 42.0 


fOriginal 
\Aged 

f Original 
\ Aged is 2s 
{Original (* (*) 
\Aged 0 2 
f Original (*) (*) 
|Aged 


Breaking strength (Ib) 
Breaking strength loss (% 
Cud (% 


FeO, (% 


* Not determined. 
The terms “original” and ‘“‘aged” are used to de- 
scribe the relative age levels of the furs. The 
original Karakuls were in storage approximately 5 
years, while the original seal fur age was less than 1 
vear. 

The three types of furs lost between 30 and 40 
percent of their original strength after storage periods 
of approximately 10 years. Both Karakul and black 
seal furs contained considerable quantities of iron. 
The iron values of group I and group IIL of the lamb 
furs do not vary significantly. The quantity of iron 
found in the brown-dyed seal furs can hardly be con- 
sidered the cause for the extent of deterioration that 
has occurred. The iron salts used in the dyeing, 
therefore, do not appear to be responsible in causing 
the breakdown of the pelts. 

In each instance of comparison, higher copper 
values are associated with the greater losses of 
strength. It is concluded then that copper is in- 
strumental in causing the deterioration. The quan- 
tities of the metal found in the skins suggest that its 
action is catalytic. 

The deductions concerning the cause for the de- 
terioration of the furs are in good agreement with 
the conclusions advanced by Kanagy, although the 
conditions of test and the materials used are quite 
different. 

Kanagy’s research involved accelerated aging by 
heat and pressure in the laboratory, while this study 
deals with naturally aged skins; his experiments were 
on vegetable-tanned heavy leather, quite unlike the 
light alum-and-oil-tanned skins studied in the pres- 
ent work; and copper was added to his leathers for 
the purpose of the investigation instead of being 
used as a normal ingredient in the dressing process, 
aus Was the case in this study. 

So far as is known, this study is the first in which 
catalytic degradation of oil- or alum-tanned skins by 
copper has been indicated. 

Since the copper percentages of the seal skins are 
higher than the percentages in the lambskins, a 
greater extent of deterioration might also have been 
expected. This need not necessarily be so, as the 
dye coloring matter, in the case of the seal furs, was 
applied only to the fur portion, while the lambskins 
appear to have been dip-dyed. By dip-dyeing more 
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copper would be distributed on the leather than, 
would be if the dye bath was applied only to the fur 
surface. 

Another reason the seal fur did not deteriorate as 
much as might be expected from the copper content, 
as compared to the Karakuls, may be that the oil 
tannage is inherently more resistant than the pre- 
dominantly alum-type dressing of the lambskins. 

The rate with which the metal salts are leached or 
removed from the lambskin pelts holds no relation- 
ship to the extent of deterioration. In other words 
the degree of the fixation of metal salts does not fol- 
low the aging. The results of water extraction of the 
metal salts from the skins are shown in table 7. 


VI. Summary 


Aged crossbred Karakul lamb furs appear to have 
different physical properties than aged purebred 
Karakul lamb furs. 

Purebred Karakul lamb furs in storage 15 vears or 
more are considerably weaker in strength than sim- 
ilar pelts in storage approximately 4 years.  Dif- 
ferences in strength between the age groups are not 
attributed to a change in tannage procedure over the 
consecutive vears of processing. 

Comparable losses in strength occurred in Alaskan 
seal furs after a storage period of 10 vears. 

Evidences of acid deterioration were not found. 

The presence of small quantities of copper salts, 
which are introduced into the furs during dyeing, 
relates significantly with the extents of deterioration, 
and provides evidence that the metal acting cata- 


Tare 7. Aluminum, iron, and copper content water. 
soluble ertractives 


Year of crop 
Constituent Group I Cire 
1930 1931 1982 1933 1945 


Percent Percent Percent | Percent Percent 
0). 387 0. 129 0. 200 0.112 0. 205 
006 007 O46 020 Ost 
065 006, 030 o12 OSs 


0. 458 0.142 0. 366 0.144 0.435 


lytically promotes deterioration. Iron salts ap- 
parently do not promote deterioration appreciably 

The findings are in accord with a previousl 
published report on the influence of copper and iron 
on vegetable-tanned leather deteriorated under 
accelerated conditions. The findings are novel in 
that the leathers described herein were of an alum 
or oil tannage, which were aged under normal shelf 
storage conditions. 

The extents of deterioration are convenientl) 
measured by determining either burst, breaking 
strength, or stitch tear (furrier-sewn) values. Losses 
in strength are accompanied by lower petroleum 
ether extractives, increased water solubles, increased 
soluble proteinaceous and other water-extracial); 
organic matter. 


WaAsHINGTON, June 19, 1950. 
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Second Dissociation Constant of Succinic Acid from 
oO Oo 
O° to 50°C 
By Gladys D. Pinching and Roger G. Bates 


The second dissociation constant of succinic acid at intervals of 5 degrees from 0° to 50 
C was determined from measurements of the electromotive force between hydrogen and 
silver-silver chloride electrodes in cells without liquid junction. The 19 solutions studied 
were divided into two series. The first series was made up of aqueous mixtures of sodium 
acid succinate, sodium succinate, and sodium chloride in the molar proportions 1: 3:3. The 
solutions of the second series contained only sodium acid succinate and sodium chloride, in 
the molar ratio 1:1. The measurements of the second series were used to compute an 
approximate value for the first dissociation constant of the acid to be employed in correcting 
the results of the first series for the amount of free suceinie acid formed by hydrolysis. 

The second dissociation constant, A», for the temperature range studied can be expressed 


by 


log Ky = 1679.13/T 


5.7043 +0.019153 T, 


where 7 is the temperature on the Kelvin scale. Thermodynamic quantities for the dis- 
sociation of acid succinate ion were calculated from the temperature coefficient of the second 
dissociation constant. At 25° C, the standard free-energy change was found to be 32,182 
abs j mole~', and the changes of heat content and entropy for the dissociation process in the 


standard state were —450 abs j mole~! and 


I. Introduction 


The simultaneous dissociation of two or more 
acid groups of nearly equal strength complicates the 
determination of the dissociation constants of many 


109.4 abs 7 deg~'! mole~', respectively. 


dibasie and polybasic organic acids. Accural: 
values may indeed be impossible to obtain when th 
degree of dissociation is large in each overlappiny 
step. Consequently, the thermodynamic quantities 
such as heat-content and entropy changes, assoc ial 
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with the ionization of acids with more than one car- 
boxyl group have received little careful study. 

The three dissociation constants, A,, A2, and Kg, 
of citric acid have been determined from electro- 
motive-force measurements with hydrogen and silver- 
silver chloride electrodes in cells without liquid 
junction [1].'. There was a considerable amount of 
overlapping, inasmuch as K,/A, and K,/Ky; are both 
about 44 at 25° C. It was possible, however, to 
facilitate the separation by choice of favorable buffer 
ratios and by a supplementary determination of the 
products K\A, and K,K; according to a method 
recently described [2]. 

These methods have now been applied to a deter- 
mination of the second dissociation constant of suc- 
cinic acid from 0° to 50° C at intervals of 5 degrees. 
The ratio K,/Ay for succinic acid, a dibasic acid, 
is about 26. Hence, the overlapping of these two 
dissociation steps is somewhat greater than that of 
the corresponding steps in the ionization of citric 
acid. The changes of free energy, heat content, 
entropy, and heat capacity accompanying the disso- 
ciation of one mole of acid succinate ion in the stand- 
ard state of 0° to 50° C have been evaluated from 
the dissociation constant and its temperature coeffi- 
cient. 


II. Experimental Procedures and 
Results 


Sodium acid succinate and sodium succinate were 
both prepared from reagent-grade suceinic acid and 
standardized sodium hydroxide solution. The sodi- 


um suecinate was recrystallized twice from water and 


dried at 125° C. Ignition of the purified salt to 
sodium carbonate indicated a purity of 99.99 + 0.02 
percent. The sodium acid succinate was analyzed 
by titration with standard alkali and found to con- 
tain a small amount of free acid. It was therefore 
recrystallized from water with the addition of the 
amount of sodium hydroxide required to bring the 
salt to the proper composition. The anhydrous salt 
was obtained by drying at 110° C. The purity was 
found by titration to be 100.03+0.02 percent. 
Sodium chloride, practically free from bromide, was 
recrystallized from water. The product contained 
less than 0.001 percent of bromide, as shown by the 
uranine test [3]. 

Neither of the succinate salts is appreciably hygro- 
scopic, Exposed at 25° C to air of 45-percent rela- 
tive humidity, sodium succinate took up only 0.012 
percent of moisture in 10 days, and the acid salt 
gained only 0.006 percent in 24 hours. 

Four stock solutions were prepared by weight 
from the purified salts and water having a specific 
conductance of approximately 0.5 10~-° reciprocal 
ohm. Each stock solution was diluted with water 
to form a series of four or five cell solutions. Dis- 
solved air was removed by passage of nitrogen 
through each solution before the cells were filled. 

The hydrogen electrodes were formed by deposit- 
ig platinum black upon bases of platinum foil. Each 
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ures in brackets indicate the literature references at the end of this paper 


foil was electrolyzed for 2 minutes at a current of 
300 ma in a 3-percent solution of chloroplatinic acid 
that was 0.002 M with respect to lead acetate. The 
preparation of the silver chloride electrodes has been 
described [4]. The cells were those heretofore em- 
ployed for studies of systems of weak acids and their 
salts in which the solubility of silver chloride is 
negligible [5]. Each cell, with electrodes in place, 
was twice filled with solution and emptied by pressure 
of pure hydrogen before the final portion was admit- 
ted. The cells were allowed about 5 hours to attain 
initial equilibrium at 25° C, after which the tempera- 
ture was lowered overnight to near 0° C. Measure- 
ments of the electromotive force were made from 0° 
to 25° C on the second day and from 25° to 50° C 
on the third day. At the conclusion of the series, 
final values at 25° were obtained. These usually 
agreed with the initial values within 0.00010 v. 

The platinum-hydrogen electrodes were mounted 
just beneath the surface of the solution, and the mean 
total pressure at each electrode was assumed to equal 
that of the atmosphere. Hills and Ives [6] have 
recently found that the effective pressure, that is, 
the pressure that fixes the concentration of dissolved 
hydrogen in equilibrium with the electrode, is de- 
termined by the depth of the jet as well as by the 
gas-phase pressure. The solution becomes saturated 
with gas at the jet level and is thoroughly mixed by 
the bubbling. The free surface apparently is slow 
to relieve supersaturation. The excess pressure is, 
according to Hills and Ives, about two-fifths of the 
hydrostatic pressure at the jet. The jet in the cells 
used here is located about 5 cm below the surface 
of the solution. At a hydrogen pressure of 1 atm, 
a change of 1 mm Hg (13.6 mm water) in the partial 
pressure of hydrogen changes the potential of the 
hydrogen electrode by about 16 wv at 25°C and 21 
pv at 50°C. Hence, a jet depth of 5 em, or an excess 
pressure of 2 em water, would cause an error of 
0.00002 v at 25°C and 0.00003 v at 50°C. This error 
is somewhat less than the observed differences between 
duplicate cells. No attempt has been made to apply 
a correction for this effect. It is presumably largely 
compensated by a comparable error in the values 
for the standard potential of the hydrogen-silver 
chloride cell, which were derived from measurements 
of hydrochloric-acid solutions contained in cell 
vessels of a similar design {7}. 

The electromotive force of the cell 


Pt; H.(g, 1 atm), NaHSue (m), NaSue(3m), NaCl 
(3m), AgCl(s); Ag 


from 0° to 50° C is listed in table 1 (series 1). Each 
recorded value is the mean of the potentials between 
two pairs of electrodes in the same cell. Here, as 
elsewhere in this paper, Suec~ is written for sucei- 
nate anion (~“OOCCH.CH,COO-) and HSuc~ for 
acid succinate ion. Similarly, succinie acid will be 
abbreviated H,Suc. Indication of the charges of 
hydrogen and chloride ions will be omitted. The 
data of table 1 (series 2) are for the cell 


Pt; H,(g, 1 atm), NaHSue (m), NaCl (m), AgCl (s); Ag. 
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Tarte 1. Electromotive force of hydrogen-silver chloride cells containing succinate-chloride 


solutions at 0° to 50° C, 


Temperature,°C 
; 


15 Pi) 25 30 
Series 1. NaH Suc:Na:Suc:NaCl=1:3:3 


0. 05012 0. 60112 0. 00417 (0722 . 61036 0. 61341 0. 61645 0. 61977 62292 G22 . 62939 63278 
O4VSI molae HOT 60750 61066 61376 61686 #2002 62307 62638 . 62958 
O4555 HOG04 Ho874 HOURS 61303 61622 61935 62259 62583 62913 63243 . 68574 
OS085 HOS 61012 61335 61648 61977 62304 62835 62972 63313 63647 . (3982 
OB715 HOS9! 6124 61536 61869 62195 62526 62840 63191 . 63535 63874 . 4233 


06556 HOvUS 61325 i 6198S 62323 A240 . 2902 63331 . O77 . 64023 64371 
O2511 61806 62242 wy 62050 . 63306 H3H48 64020 64380 64745 . 65112 . 65477 
o2;09 61900 62248 i: 62056 63306 . 68666 64020 H4384 . 4752 65121 65483 
2493 #1925 62278 22! 62981 (3320 . (675 4054 4415 4778 . 65143 65530 
OLASS6 277 63655 MOB! 64421 4806 65189 65579 65973 66369 . (6767 67165 


O14853 H291 63671 MO! 64433 64807 65195 65599 6HSYSS 66381 . 66777 67199 
OLO1S4 2h tH46e2 ie Lis 65467 65875 66267 . 66695 67105 67520 67925 68330 
WO7573 ' O46 SST 66300 (6725 67139 . 67578 68003 68441 . GRRT1 69263 
OO507T4 . SHOR: HSS 66965 67408 . 67849 . (R287 68740 69196 . 69652 . 70113 70574 


Series 2. NaHSuc:NaC 


10000 S5SUS S121 0. 56350 0. 56557 57663 
O7 206, 5O248 WT24 5057 . 571 . 57434 . Sk 58610 
O5O12 57187 57702 57056 58223 . 58469 . 5873 SSUS6, f ‘ . 9734 
O8155 58345 Ss8v09 SYISS SO4S4 . 59730 ‘ . HOF 6 61164 
O19390 59569 HOIS3 . ine HO793 . 61069 . . : . 62590 


; 


III. Calculation of the Dissociation Constant potential,’ respectively, of the hydrogen-silver chlo- / 
: , , ride cell, F is the faraday, R the gas constant, and 7 ack 
When the two acid groups of a dibasic acid are of — the temperature on the Kelvin scale. ver 
widely different strengths, the second dissociation Equation 1 also applies when the two dissociatio: tra! 
constant can readily be computed from a single series steps overlap, as do those of succinic acid. However was 
of measurements of buffer solutions such as those of — the terms in m represent the actual ionic molalitie: the 
series 1.°. To accomplish this, the mass-action ex- and cannot be assumed to be equal to the stoichiomet- - 
pression is combined with the equation that relates yical molalities of the primary and secondary sue- ap 
the electromotive force to the activities of the re-  ¢inate salts. Instead. the detailed ionic compositior firs 
actants and products of the cell reaction. When of each solution must be considered. effic 
exact values of the activity coefficients are unknown, eur 
the semi-empirical Hiickel formula [14] can be used to ). The Hedseoen-Iee Corsection eq 4 
facilitate the determination of the true thermody- : — mn | 
namic dissociation constant, A, by extrapolation to ee eae eee ee ee tior 
zero ionic strength. The resulting expression for the I the 


- er &. ‘ - the succinate ions and the second term on the right of 
apparent dissociation constant, A’, (obtained with eq 1, the equilibria among these ions must be con- 
the use of inexact activity coefficients) is sidered. The equilibria involving acid succinate io 
Meus” in aqueous solution may be represented by 


, iPmMmanrrr 


: 
4 
€ 


WAMU ROT 


tj: 


I 
Mrsuc HSue H+-+Sue* sary 
IA liter 
2ZAyu 
9 (1) and do | 
1+ Ba* yu 


. : 2 HSue~ = H,Suc+Sue™. rane 
where A and F are constants of the Hiickel equation,’ , (ser 


a*and 8 are adjustable parameters, and yu is the ionic mat 
strength. For 
The quantity pwH is defined by 


log K;=—log K,—8u = pwH —log 


In series 1, where the stoichiometric molality of 
sodium succinate is 3m and that of acid succinate 


pwH = —log (fufermn) (hk —EF (2.3026RT) + Mysue- m— in —2 My suc 
log mer, (2) and 


where / is an activity coefficient on the molal scale, Mguc= = 3 M+ Mig + My suc 
FE and E° are the electromotive force and standard 


? For the application of tnis method to the determination of second dissociation The onic strength of each solution of series | 
constants when overlapping is negligible (A\/Ky>1,000), and for the derivation we | < 
of eq 1, the reader is referred to the following papers on the respective acids given »N 
carbonic [8, 9], malonic [10], oxalic [11, 12], phenolsulfonic [4], phosphoric [5, 13] 

* The constants 4 and Bat 0° to 100° C are given in [15] and E* and 2.3026RT)F 


: 19 } 
in abs rin [16] w= 13 M+2 My My, sue- 
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The hydrogen-ion concentration is small relative 
to m and is estimated with sufficient accuracy by 


log 7 pwH+log fafa=pwH 2Avu (8) 
g Ny “log Juata>= iz F 
— — 1+ Ba*yu 


The quantity fafe: represents the square of the mean 
activity coefficient of hydrochloric acid in the sue- 
cinate buffer solutions. Although this is unknown, 
fu fe: in pure hydrochloric acid solutions at ionic 
strengths of 0.05 te 0.2 [7, 17] is represented by the 
last term of eq 8 with a* values of 5.8 to 6.2. Also 
‘ufc in pure solutions of sodium chloride of the same 
concentrations [18] can be expressed similarly with 
values of 5 to 5.6 for a*. Although the correct value of 
a* thus appears to lie near 6 in solutions containing 
chiefly sodium salts, a change from 4 to 7 produces a 
negligible change in the second dissociation constant, 
for the hydrogen-ion correction is small. Inasmuch 
as the best extrapolation was obtained when a value 
of 7 was used for a* in eq 1, it was found convenient 
to employ this value in eq 8 as well. 


2. Correction for the First Dissociation Step 


As a result of overlapping of the first and second 
acid groups, a part of the acid succinate ion is con- 
verted into molecular succinic acid. The concen- 
tration of succinic acid in the solutions of series 1 
was only about 2 percent of m, since the excess of 
the normal succinate over the acid salt was effective 
in suppressing reaction 4. Because the residual 
overlapping was small, a precise knowledge of the 
first dissociation constant, Ay, and the activity co- 
efficients was not needed to obtain sufficiently ac- 
curate figures for the molality of succinic acid in 
eq Sand 6. If fafasue- is approximately equal to fy fe) 
in the same solutions, a not unreasonable assump- 
tion, we have from the definition of pwH (eq 2) and 
the mass law for the first dissociation step, 

Mx ,sue= Masue-/(UKX, antilog pwH). (9) 

For an accuracy of +0.002 in log Ky, it was neces- 
sary to know log A, only to +0.05. Values in the 
literature are quite adequate at and near 25° C but 
do not extend to 0° and 50° C. Hence, five solu- 
tions of sodium acid succinate and sodium chloride 
series 2) were studied in order to obtain an approxi- 
mate value of AK, throughout the temperature range. 
For the solutions of series 2, 


: —~ mr+m 
1/2 log (AK, K,)’ =pwH— 1/2 log = 
mr— My 


Avi 
a (10) 
1+-Ba* yu 


Where the prime indicates again the “apparent” value 


and 
r= vaks/k, . (11) 
1+ 4k, ky 


The symbols k, and k, represent the concentration 
constants. The details of the application of eq 10 
and 11 to the calculation of AK, A, have been given 
elsewhere [{1, 2] and need not be repeated. The solu- 
tion of eq 1 and 10 was most conveniently accom- 
plished by successive approximations, of which only 
two were usually necessary. The extrapolation of 
—1/2 log (4, A,)’ is shown in figure 1. The limiting 
values of —1/2 log K,A, and of —log K, at each 
temperature are given in table 2. Inasmuch as 
these are based upon too few points to provide an 
unambiguous extrapolation, they are to be regarded 
as approximate. Nevertheless, log A, is probably 
correct to +0.01 and, hence, more than adequate for 
the purpose. 
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TABLE 2. Values of log K, Ky and log K, at 0° to 50° C 


Pemper | _1/2log Kiki: —log Ki | TEMPE _aiog KiKi —log K 


3. The Extrapolation 


Figure 2 demonstrates the effect of three different 
values of a* (eq 1) upon pA, (that is, —log K:) at 
25° C. From top to bottom of the figure, the three 
solid lines correspond to a* values of 6, 7, and 8, 
respectively. The upper dashed line, computed for 
a*=7, illustrates the effect of omitting entirely the 
correction for the first dissociation, that is, of ignor- 
INC Musa ineq 5and6. Although A,/A, is only 26, 
it appears that the 3:1 buffer ratio has materially 
reduced the extent of overlapping, for the A, correc- 
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Figure 2. Effect of a* on the course of the extrapolation line. 





Solid lines represent (top to bottom) a* <6, 7, and 8. The dashed lines show the 
course of the extrapolation when the correction for the overlapping first dissocia- 
tion is ignored (upper dashed line) or made with a value of log A) that is in error 
by 0.05 unit (lower dashed line) 


tion contributes only about 0.02 to log Ay. The 
lower dashed line indicates the change of position of 
the center extrapolation line that would result from 
an error of 0.05 in log A,. 

When a* was taken to be 7, log A} was found to be 
a linear function of ionic strength at each tempera- 
ture, as shown in figure 3, although the slopes of the 
lines changed considerably with temperature. These 
slopes (—8 in eq 1) were measured and log Ky, ealeu- 
lated from each experimental point with the aid of 
eq 1. The average values are given in the second 
column of table 3, together with the mean deviation 
from the average at each temperature. The corre- 
sponding A, appears in the last column. The 
uncertainty in log A, is believed to be less than 
+ 0.003 unit. 


Tare 3. Values of log Ky, and Ky from 0° to 50° C 


Temper 7 . Temper- —— -. 
ature log K AY 108 base log K» KX 


5. 674) 20. 0018 5. 4 1e+0. 0014 
5. ithe . 0012 2 35 5.047 0011 
5. Gee . 0009 2. 3 5. i4ee . 0012 
5. (425% 0011 : 5 5. (6064 0013 
5. 904% . 0008 23 5 5. 680e+ . 0026 
5. het . 0012 
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Table 4 is a summary of the published values for 
the second dissociation constant grouped according 
to the method used for the determination. The 
constant found by Jones and Soper [33] should be 
most nearly comparable with that reported here, 
for their measurements were also made with a hy- 
drogen-silver chloride cell without liquid junction. 
However, a different. method of oindelian was 
used. Unfortunately, no electromotive-force data 
are listed in their paper, so it is impossible to explain 
the differences of about 0.03 and 0.04 between their 
log AK, and that of this investigation at 25° and 
50° C, respectively. 


TaBLe 4. Summary of determinations of log K 


! 
Tem- 
Reference Method * pera- 
ture 


CONDUCTANCE 


1908, Chandler [19] 


1921, Duboux [20] - (Recalculation) 


DISTRIBUTION 


1908, MeCoy [21]. _.- 
1908, Chandler [19] 


REACTION RATE 


1927, Duboux and Frommelt [34]. Decomposition of diazo- 
acetic ester. 


SOLUBILITY 


1915, Datta and Dhar [35] Of CO» 
1926, Larsson [36] Of benzoic acid 


ELECTROMOTIVE FORCE, CELLS WITH LIQUID JUNCTION 


1922, Larsson [22] Q-cal Is 
1924, Auerbach and Smolezyk -cal 
yA 


(23 
1925, Britton (24) H-cal 
1926, Mizutani [25] H-cal 
1928, Simms [26 

1928, Kolthoff and Bosch [27] 
1928, Gane and Ingold [28 
1929, Olander [29] 
1931, Gane and Ingold [30] 
1934, Ashton and Partington [31] H+ -cal 
1936, German and Vogel [32] Q-eal 


H-: Q at ise c 
“al 


ELECTROMOTIVE FORCE, CELLS WITHOUT LIQUID) 


1936, Jones and Soper [33] H-AgC] 


19%), This investigation H-AgC] 


* H=hydrogen electrode, Q=quinhydrone, cal= calomel. 


IV. Thermodynamic Functions 


The dissociation constants given in table 3 are ade- 
quately represented by either 


—log K, 
or 
—log K,y=3756.1/T—79.2716 + 29.223 log 7. 


1679.13/ T—5.7043 +-0.019153 T 


The mean deviation of the observed log Ay from the 
calculated value is 0.0011 for eq 12 and 0.0018 for 
eq 13. The first is the form suggested by Harned 
and Robinson [37]; the second has been used espe- 
cially by Everett and Wynne-Jones [38]. If eq !° 
and 13 were used solely for the interpolation of A 
at various temperatures, either would serve the pur- 
pose. Likewise, AF®, the standard free energy © 
dissociation, is readily obtained from the dissociation 
constant at each temperature. However, some ¢- 
pression of the variation of log Ay with temperatun 
is necessary in order to cale ulate, over the entir 
range, the quantities A/7°, AS®, and AC), which ar 
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Extrapolation lines from which —log Kz (pK 2) was 


obtained at 0°, 10°, 25°, 40°, and 50° € 


respectively the changes of heat content, entropy, 
and heat capacity for the dissociation of 1 mole of 
acid succinate ion in the standard state. By differ- 
entiation of eq 12 and 13 with respect to temperature, 
the following expressions for d log A,/dT are obtained: 

d log Ky, dT = 1679.13, T?—0.019153 (12a) 
and 

d log K,/dT=3756.1/ T?—12.6913/T. (13a) 
Since the two equations yield somewhat different 
temperature coefficients, they will also furnish differ- 
ent values for these three thermodynamic functions. 
The difference is not large near the middle of the 
temperature range but is appreciable at the ends, as 
can be seen from the following comparison of A//° 
computed from the two equations: 


Tempera- 


y ”» yy 7 
tue Eq 12 Eq 13 


J mole— ! 
1, 787 
150 

6, 146 


J mote 
5, 541 
533 
6, 607 


Equation 12 rests upon the observation that the 
electromotive force of cells of the type used here (and 
hence AF®°) is closely a quadratic function of temper- 
ature. It implies that AC) is a linear function of 
temperature. Equation 13 is based upon a presumed 
linear variation of A/7° with 7, and hence a value of 
AC’, that is constant over the entire temperature 
range. For this reason, eq 12 is sometimes con- 
sidered theoretically less acceptable than eq 13. 
Nevertheless, the authors are of the opinion that 
the fit of the observed data provides the most valid 
justification for choice of one empirical or semi- 
empirical equation over another. Equation 12 is 
usually found to represent the observed dissociation 
constants for weak acids and bases more closely 
than eq 13. Hence, the former was used to com- 


pute the thermodynamic functions given in table 5 
by application of the usual formulas. 


Thermodynamic quantities for the dissociation of 
acid succinate ton 


TABLE 5. 


Temper- 
sture 


Al aH ACS 


, ahs j deg ahs j deq 


mole mole 


aha j} mole ahs j mole 


2) 
204 
-- 208 
211 
215 
219 
222 
226 
240) 
233 
237 


29. 675 , ae vl 
> “4 

“as 

10? 

105 

1g 

i13 

116 

— 1) 

14 


127 


5 ee ee tel 


The estimated uncertainty of 0.008 in log A, im- 
plies a corresponding uncertainty of about 18 j 
mole"! in AF°. If the values of log Ay at 0° and 
50° C were each in error by 0.003 unit and the errors 
were of opposite sign, A/7° at 25° would be altered 
by about 300 j mole~' and AS®° by about 1 j deg™ 
mole~'. Similarly AC) at 25° C can be assigned an 
uncertainty of about 12 j deg™' mole™'. 

Cottrell and Wolfenden [39] have reported a 
calorimetric determination of the heats of dissocia- 
tion of the wwo steps of succinic acid from 5° to 30° C. 
By combination of their data with AF° taken from 
the work of Jones and Soper [33], they computed the 
entropy of dissociation, AS°. The change of heat 
capacity, AC, was obtained from the temperature 
variation of A/7°. The value of Cottrell and Wol- 
{enden for the entropy change has been adjusted to 
correspond with the AF® of this investigation, which 
seems more certain than the earlier result. The 
values at 25° C are: 


Cottrell and Wolfenden Pinching and Bates 


150 j mole”! 
109.4 j deg”! mole"! 
219 j deg! mole! 


176 j mole"! 
107.4 j deg-' mole 
218 j deg"! mole”! 





The two values for the heat of dissociation differ L. r. verges im. Chem. Sos, 08, 1946 (1933) 

, Pr r “rE 396 i \ -_ .. Hiieckel, Physik. 2. » 93 (1925). 
ve ie — “| re wey hes it iene A areas and 5) G. G. Manov, R. G. Bates, W. J. Hamer, an 8. | 
Volfenden state that their result is su ect” to con- Acree, J. Am. Chem. Soc. 65, 1765 (1943). 
siderable uncertainty, for it represents a difference R. G. Bates and G. D. Pinching, J. Research \ 8 49, 
between two experimental quantities and also rests 419 (1949) RP1982. 


° * . . » eo T » » sie > nietry 
upon a rather arbitrary extrapolation. Differences H. 8. Harned and B. B. Owen, The Physical ehe mist 
. of electrolytic solutions, chapter 11 (Reinhol Pyp- 


of extrapolation often do not affect the temperature lishing Corp., New York, N. Y., 1943). 
coefficient, and it is perhaps significant that practi- H. 8S. Harned, J. Am. Chem. Soe. 57, 1865 (1935 
cally identical values of AC? that is d(AH°)/dT, were E. BE. Chandler, J. Am. Chem. Soc. 30, 694 (190s 


ine , . . le y i pay M. Duboux, J. chim. phys. 19, 179 (1921). 
obtained by the two methods. Cottrell and Wolfen 21) H. N. MeCoy. J. Am. Chem. Soc. 30, 688 (1908 


den found A/7° to pass through zero at 26° C, in 2) E. Larsson, Z. anorg. Chem. 125, 281 (1922). 
reasonably good agreement with 23°C at which the 23] F. Auerbach and E. Smolezyk, Z. physik. Chem. 110, 
value of —log Ay given in table 3 reaches a minimum. 65 (1924). 
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Methods of Sieve Analysis With Particular Reference J. 
.to Bone Char’ ios 
sic 


By Frank G. Carpenter’ and Victor R. Deitz tun 


The procedure for separating particle sizes of solid adsorbents by sieving has been studied hin 
in detail because of the influence of the particle size on adsorbent properties. The investiga- wel 
tion was conducted chiefly with sieve openings in the range between U. 8. Standard Sieves var 
No. 8 and No. 80. The largest source of error is in the testing sieves themselves. This is : 
due to the tolerances permitted by the present specifications. It is feasible to calibrate _ 
testing sieves by the use of a calibrated sample of spherical glass beads and thus obtain the ope 
opening that is effective in sieving. The calibration of testing sieves in this manner can lead shay 
to reproducible sieve analyses by different laboratories. A simple procedure is proposed to bee 
determine the uniformity of sieve openings and, thereby, to furnish a criterion for the dis- em 
eard of distorted sieves. An analysis with seven Ro-Tap machines indicated that, in general, I 
best results are obtained when the Ro-Tap is operated at 115 taps/min of the knocker mecha- 
nism. The other variables concerned with shaking that were examined are of minor import- 
ance and need not be rigidly controlled. As first choice, the weight of the sample should be 
between 100 and 150g. The shaking time should be adjusted to the weight and the particle 
size distribution of the sample according to relationships developed. 
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I. Introduction Sieve analysis is one of the basic tests for measuring 
= ; the particle size of all powdered and granula 
he adsorbent properties of bone char and other materials. In sugar refining and many other indus- 

materials are greatly influenced by particle size. tries great importance is ascribed to sieve analyses 
_.| This investigation was sponsored as a joint research project undertaken by the in spite of the fact that their reproducibility ma) be 
‘nited States Cane Sugar Refiners and Bone Char Manufacturers, a greater part tr aly - 4 . oT | or ysure- 
of the refining industry of the British Commonwealth, Belgium and the National extreme ly poor, m comparison with other mee ‘ 
Spee & Sentwe on ve ae he ments such as volume, mass, or chemical compos 
* Research Associate at the ation: urean of Standards, representing the . ° . ° » { 
cooperating manufacturers _— =" oo tion. Differences in the results of sieve analy co 


328 





1928 
1931 
irada) 


Ty 5A, 


1915), 
uraday 
Trans 


soe, 


suring 
vnulat 
jndus- 
alyses 
i iy 
asure- 
1 posi- 


‘ 
Os O11 


the order of magnitude of 10 percent are frequently 
reported between different laboratories, while differ- 
ences of 1 or 2 percent are not uncommon with the 
same operator and the same sieving equipment. In 
view of the importance of sieve analysis and of the 
poor reproducibility when compared to other meas- 
urements, an investigation was made of the sources 
of errors and of the steps that might be taken to 
reduce the errors to a minimum. Previous work on 
this subject is not considered adequate [1, 2]. 

The sources of errors in a sieve analysis can be 
classified under three general headings: The sieves, 
the method of shaking, and the sample. The sieves 
considered are the standard 8-in. laboratory testing 
sieves. The nominal sizes of the openings of the 
standard sieves (42 series) are in a geometric series 
with a fixed ratio of the square root of 2. For 


closer sizing, an additional sieve is provided between 
each pair in the standard series thus forming the 


closest-sizing series (4/2 series). The methods of 
shaking the sieves that were studied were by hand 
and by the use of the Ro-Tap* machine. Although 
there are other shaking devices, the Ro-Tap machine, 
which is one of those commonly employed, was the 
only type studied. The majority of the samples 
studied were bone chars from various cane sugar 
refineries throughout the world. Other materials 
included were crystalline refined sugar, glass, sand, 
iron filings, and granular bismuth. The particle 
shapes included were spherical, irregular, and long 
needle-like granules. The particle sizes ranged from 
those passing a No. 4 sieve® to those retained on a 
No. 270 sieve. These correspond to particle diam- 
eters of 0.476 to 0.0053 em, or 0.187 to 0.0021 in. 
Most of the work was conducted in the sieve size 
range No. 8 to No. 80. 

The application of the results of a sieve analysis 
to the interpretation of physical properties presents 
many difficult problems, and these are not considered 
here in all their aspects. DalleValle [3] has con- 
sidered many phases of sieve analysis, but unfor- 
tunately these were not all examined critically by 
him. Hateh [4] considered the relations between 
weight-size and number-size distribution and also the 
various methods of evaluating the average particle 
size. The relation between the size of the sieve 


openings and the average diameter of irregularly 


shaped particles that will pass through them has not 
been adequately investigated. The method of attack 
emphasized in this investigation makes use of glass 
spheres to define the effective openings of sieves. 


1. Method of Reporting Sieve Analyses 


Sieve analyses are usually reported as percentage 
by weight of the total sample that passes a certain 
sieve and that is retained on another, for example, 
“percentage passing No. 20 and retained on No. 30”. 
his is frequently shortened for convenience to, for 
example, “20 to 30 fraction” or “20 to 30 mesh”. 
lhe use of the term mesh in this sense is to be avoided 

ires in brackets indicate the literature references at the end of this paper. 


nufactured by W. 8. Tyler Co., Cleveland, Ohio 
sieve numbers, unloss otherwise noted, refer to the U. 8. Standard series 


[5]. For some comparisons, sieve analyses are re- 
ported as cumulative percentage finer or coarser than 
a certain sieve. 

When evaluating differences between sieve analy- 
ses, the differences are expressed in percentage of the 
total sample for a certain sieve fraction. If the dif- 
ference (or deviation) is compared to the mean value, 
then a percentage of the percentage of the total 
sample is obtained. Such a terminology is awk- 
ward, and there is used instead the phrase ‘coefficient 
of variation’, which is expressed in percentage. 

In evaluating the variation among several sieve 
analyses, the standard deviation is computed for 
each sieve in the usual manner. The standard 
deviations for the different sieve fractions are not 
strictly comparable for reasons that will be apparent, 
although they have been averaged in some cases to 
give a single figure as a measure of the reproducibility 
of the sieve analyses. 


II. Sieves 


One of the largest sources of variation in sieve 
analyses is in the testing sieves themselves. The 
wire size, average opening, and uniformity of opening 
are specified © with a small variation allowed in each 
for manufacturing tolerances. The wire size is of 
minor consequence, because it does not directly 
influence the size of particle that will be retained on 
the sieve. 


1. Variation in Average Opening 


The variation in average opening allowed by the 
specifications may seem stringent from a manufac- 
turing point of view; but it has an important effect 
on sieve analyses, since the variation ranges from +3 
percent for sieves No. 16 and coarser to +7 percent 
for sieves No. 200 and finer. For example, the 
variation allowed for sieves No. 20 and 30 (,2 
series) is +5 percent of the nominal opening. The 
No. 20 sieve, whose nominal opening is 0.084 cm, 
thus may have average openings ranging between 
0.080 and 0.088 em. Similarly, No. 30 sieves of 
nominal opening 0.059 cm may have average open- 
ings somewhere between 0.056 and 0.062 cm. When 
these two sieves, both uniformly woven, are used to 
define a sieve fraction, the particle sizes that are 
retained between the two sieves depend on the 
openings in both sieves. The mean value of the 
openings can, therefore, indicate the probable spread 
in particle sizes. The maximum spread using these 
two sieves is 0.032 em, and the minimum is 0.018 em. 
It is noted that the maximum would be twice that of 
the minimum. 

This type of error is much larger when sieves of the 
{2 series are used. This is best explained on a 
percentage basis. The nominal opening of each 
sieve is only 19 percent larger than that of the next 
smaller. When sieves No. 200 or finer are used, and 
the average opening of the larger sieve is oversize to 

® Identical specifications are issued by the American Society for Pesting Ma- 


terials (ASTM) [6], The American Standards Association (ASA }, and the 
National Bureau of Standards [5). 
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the limit of the specifications, and the average 
opening of the smaller sieve is undersize to the limit 
of the specifications, then this 19 percent becomes 
approximately 19+7+-7=33 pereent. In the con- 
verse case, the figure becomes 19—7—7=5 percent. 
If the size distribution by weight of the material 
being sieved is approximately constant, then the 
amount of material remaining between the two 
sieves in the first case would be nearly seven times as 
much by weight as in the second case, the sieves 
being uniformly woven. Sieves that did not con- 
form to specifications might give variations many 
times greater than this. With careful selection 
sieves can be held to tolerances much closer than the 
specifications, with proportionally better results. 
For the best results it would be necessary to calibrate 
individually each sieve to find the actual effective 
openings of that particular sieve. When _ repro- 
ducibility alone is desired and accuracy of measure- 
ment of particle size of minor importance, sieves may 
be carefully matched. 


2. Calibration of Sieves 


Testing sieves are calibrated from measurements 
with a projection microscope (see [5]). For a small 
fee, the National Bureau of Standards calibrates 
sieves by this method. This service is generally 
available only for new sieves. In a calibration of 
this type, the thickness of the wires is measured, and 
the number of openings per inch is counted usually 
for a distance of at least 6 in. The average opening 
is then determined by dividing the difference be- 
tween the total distance measured and the sum of all 
wire diameters contained in this distance by the 
number of openings. 

it is to be noted that if the size of the openings is 
not quite uniform, then the larger openings are the 
effective ones, and the average opening is almest 
meaningless. Weber and Moran [8] suggested an 
absolute microscopic calibration of testing sieves 
consisting in measuring a large number of the 
openings and determining the effective size of the 
openings by use of an empirical relation between 
the statistical parameters and the effective opening. 
This calibration method may be too long and 
involved to be of practical value. However, when 
particles to be sieved are fairly symmetrical in 
shape, the effective opening of a sieve can be easily 
determined by measuring the size of spherical 
particles that will pass. This type of measurement 
is best done by means of calibrated samples of 
material of known particle-size distribution, deter- 
mined by some means other than sieving. This 
method has the advantage of being quickly done 
without special equipment by anyone familiar with 
sieving procedures. It also has the advantage that 
used sieves may be checked periodically to determine 
whether wear or deformation has occurred to an 
extent sufficient to make them unsuitable. 

The material of the calibrated sample should be 
hard enough to eliminate completely any question 
of abrasion. The best shape of the particles for 
calibration purposes is spherical, because — the 


diameter of the particles can be measured by jiero- 
scopic means, and there is no doubt about th: oriep- 
tation of the particle as it passed the sieve 0) ening 
Glass beads of the type used for highway markings 
are suitable for this use when properly selocted’ 


3. Glass Beads as Reference Samples for Calibra. 
tion of Sieves 


Spherical glass beads ranging in size from those 
passing a No. 20 sieve to those retained on a No. 100 
sieve were used to explore the possibilities of cali- 
brating testing sieves. With this sample, sieves 
from No. 25 through No. 80 can be calibrated. A 
sorting procedure was developed to remove all 
misshapen particles from the material as received 
The material was then divided into smaller quantities 
by a sample divider of the riffle type. One of thes: 
samples was sieved into 10 fractions so beads of 
nearly the same size would be grouped together for 
ease of measurement. Four samples of about 100 
beads were taken from each of these 10 fractions and 
a microscope slide prepared of each. Twenty-fiv: 
beads from each slide were measured in air with a 
micrometer microscope. 

From the measured diameters of 1,000. particles 
the particle-size distribution was evaluated. At 
least 10,000 particles are desirable for accurat 
results. However, as the object of this experimen 
was only to explore the feasibility of such a cali- 
bration sample, this refinement was not considered 
necessary. Figure 1 is a plot of the particle-siz 
distribution for the glass beads. The percentage b 
weight finer than any specific size is plotted agains’ 
that size of bead as determined microscopical) 


4. Procedure in Using the Glass Beads 


In order to calibrate any one sieve, it is mere!) 
necessary to place the entire sample on the siev 
shake until the rate of passage of beads through th: 
sieve is practically zero,* and then carefully weigh 
the beads that have passed the sieve and caleulat 
the percentage by weight. The effective opening o! 
the sieve is then read directly from the calibratior 
curve. When several sieves are to be calibrated a! 
the same time, they can be nested and shaken to- 
gether. The weight finer than any particular siev 
is the sum of the weight on all the sieves below and 
in the pan. 

A numerical example of the procedure may be t- 
structive. A single sieve (No. 45) was tested with « 
glass-bead mixture weighing 110.96 g. It was found 
that 25.96 g passed the sieve. Hence, the percen'- 
age by weight passing was (25.96/110.06) x LOO = 25.0 
percent. From the calibration curve for this samp! 
(see fig. 1) the effective sieve opening is read as 3/2» 
The nominal opening of a No. 45 sieve is 350u, wil! 
an allowable variation of +5 percent. The effect 
opening of this sieve is 6.3 percent larger than th 
nominal size. As will be explained later, sucl #! 
“7 Suitable beads have been obtained from the Cataphote Corp., Ty 
Potter Bros. Inc. Ozone Park, N. Y.; Minnesota Mining & Manufac 


Saint Paul, Minn 
* For details see section LI, 2 
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Particle size distribution of glass beads for calibra- 
tion of testing sieves. 


Fieurt 


effect might reasonably be expected; in using this 
sieve for testing purposes, it is desirable to take into 
account the variation of its effective opening from 
the nominal opening. 


5. Application of Correct Sieve Openings to Sieve 
Analyses 


One of the most disturbing features of sieve anal- 
yses is the inability to obtain the same results with 
the same sample when using different sets of sieves. 
It has been pointed out that the small differences in 
the sieves inherent in manufacturing is the cause of 
this trouble, and that with suitable calibration cor- 
rections can be made for these differences. Also, if 
sieves that are not of standard sizes are used, the 
results of the sieve analysis can be reduced to what 
would be obtained if nominal-size sieves were used. 

A simple procedure is to plot the results of sieve 
analysis as cumulative percentage finer as a function 
of the effective opening of the sieve. From this 
curve the cumulative percentage finer that would 
pass through the nominal openings can be obtained 
and, henee, the corrected sieve analysis may be cal- 
culated. An example of this procedure will now be 
given. A sample of service bone char was sieved 
with two different sets of sieves. Both were good 
sieves and supposed to be equivalent. Theresults 

re contained in table 1. 

Both of these sets of sieves were then calibrated by 
ise of the glass beads with the results given in table 2. 


it 


‘tis to be noted that in every case the calibrated 


TaBLe 1. Sieve analysis of a service bone char with two different 


sets of sieves 


Ratio of 
percentage 
retained 
on set l 
to that 
on set 2 


a at Char retaine« 

U. S. Standard har retained on 
Sieve No. 

Set 1 Set 2 


Percent Percent 


19.3 


70 
sw) 
Through 80 


opening is larger than the nominal opening. This is 
because this method of calibration measures an 
effective opening that is larger than the arithmetic 
average of the projections of all the openings. 
Moreover, the opening is effective in three dimen- 
sions, and the plane defined by the sieve cloth may 
not coincide with the plane defined by the effective 
opening. The effective opening will thus be always 
larger than its projection on the plane of the sieve 
cloth. The sieves were manufactured to have the 
average opening equal to the nominal opening within 
the specified tolerances. 

The two sieve analyses are plotted as a function 
of their effective openings in figure 2. The two 
curves very nearly coincide. From these curves the 
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Figure 2. Sieve analyses of the same sample with two sets of 
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TasLe 2. Effective openings of two sets of sieves 


[1,000 equal | mm.) 


Effective openings 
U. 8. Standard Nominal 
Sieve No. opening 

Set 1 Set 2 


corrected analyses are read at the nominal openings 
(indicated by arrows). The corrected analyses are 
tabulated in table 3. The excellent agreement of 
the corrected sieve analyses indicates the value of the 
calibration method. 


Tarpie 3. Corrected sieve analyses with different sets of sieves 


Corrected amount Ratio of 
retained on percentage 
U. 8. Standard retained 
Sieve No on set l to 
that on 
set 2 


25 
30 
35 
") 
45 
w) 
wo 
70 
x0 
Through 80 


6. Uniformity of Openings 


Besides the average size of the openings, the uni- 
formity of openings plays an important role in sieve 
analysis. Before sieves are calibrated for the aver- 
age effective opening they should be checked for 
uniformity. In figures 3 and 4 are seen two No. 10 
sieves. At first glance the two look alike, but the 
wires in figure 3 are a little thinner than in figure 4. 
Both wire diameters are within specifications and, as 
previously stated, this difference is of minor import- 
ance. More careful examination of figure 3 reveals 
that the wires are not perfectly parallel, and that 
there is considerable variation in the size of the 
openings. In figure 4 the variation in the openings 
is scarcely discernible without the aid of measuring 
instruments. The sieve of figure 3 has been used 
for 19 years and has been subjected to rough treat- 
aaent. The sieve shown in figure 4 has been used 
very little and still conforms to specifications. 

If there are many oversized openings, as in figure 3, 
then many particles that should remain on the sieve 
pass through these openings, and the effective size 
of the sieve is not its average opening but more 
nearly its maximum opening. If only a few of the 
openings are very much oversize, material continues 
to pass these few maximum openings for a long time. 


Ls nen —J 


Figure 3. U.S. Standard No. 10 Sieve that is visibly deform 


The rate of passage of material through a uniform 
sieve drops to a very low value after a few minutes 
of shaking, whereas material continues almost indefi- 
nitely to pass the few oversize openings of a non- 
uniform sieve. 

The rate of passage of certain materials through a 
sieve can be taken as a measure of uniformity of thy 
sieve. In figure 5 are seen sieving curves * for fiv: 
different sieves. All sieves were nominally No. 40 
and the same sample of glass beads was used for 
each. It must be remembered that it is the sieving 
rate (slope) rather than the actual weight passing 
that is of primary interest. Curve A of figure 5 
was Obtained from a badly distorted sieve whos: 
meshes were in a condition similar to those shown 
in figure 3. Curve B was obtained from a_ badly 
worn sieve that was no longer used for testing 
Curve C was obtained from a sieve that had been in 


Linen —+| 


Figure 4. U. S. Standard No. 10 Sieve that is in ¢ 
condition. 


* Explained in detail in section III, 1 
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Ficure 5. Sieving curves (weight passing as a function of 
for sieves of varying uniformity with the same sample 
of glass beads. 


time) 
All sieves were No. 40, 


use for some years. Curves D and EF were obtained 
from new sieves that were certified by this Bureau to 
be within one-half the uniformity tolerances allowed 
in specifications for testing sieves. The sieves cor- 
responding to curves, C, D, and EF are considered 
sufficiently uniform to be of value as testing sieves, 
Whereas those corresponding to curves A and B 
cannot be expected to give accurate analyses. 


III. Method of Shaking Testing Sieves 


The shaking methods considered were by hand and 
by use of the Ro-Tap machine. The standard sieving 
methods of the American Society for Testing Mate- 
rials (ASTM) for roofing materials [9, 10] and plastic 
inolding powders [11] prescribe the machine method 
asstandard. The ASTM methods for testing cement 


[12], soap [13], powdered coal [14], refractories [15], 
road materials [16], and fine and coarse aggregates 
used in concrete [17] all prescribe hand sieving as 
standard, but machine sieving is acceptable for all 
except cement [12], provided the results agree with 
~ sieving. In hand sieving, the sieves are shaken 
one at a time until the rate of passage of material 
through the sieve decreases to some very low value 
prescribed by the specifications for the particular 
test. Hand sieving is time consuming and tedious 
and, moreover, only one sieve is shaken at a time. 
In the machine method a stack of sieves is shaken in 
one operation. As it is not practical to measure the 
rate of passage of material through the individual 
sieves, the stack is shaken for a period of time long 
enough to insure that each particle has found its 
proper place. 

It has been found that for some materials the agree- 
ment between hand and machine sieving is very good, 
whereas for other materials it is very poor. There 
is considerable doubt about the absolute accuracy 
of either method, but hand sieving is usually ree- 
ommended because it is more reproducible. Machine 
sieving is much less time consuming and easier and, 
h.nee, if it were as reproducible as hand sieving, it 
would be preferred. 


1. Rate of Sieving 


The progress of sieving can be followed by weighing 
the material remaining on the sieves after convenient 
measured intervals of time, usually 1 to 2 min. The 
weight of material on the sieves is thus determined 
as a function of time. A graphical representation of 
this relationship is logically called a “sieving curve” 
and is illustrated in figure 6 for the different sieves 
in a stack, 
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rhe stopping point for sieving is explained in det iil in section LIT, 2 
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At the start all the material is placed on the top 
sieve, and this sieve can only lose weight as the siev- 
ing progresses. The weight of material on all. the 
other sieves is determined by the rate at which 
material falls upon it from above and leaves it by 
passing through. Each of these rates is called a 
sieving rate. The weight on the intermediate sieves 
sometimes decreases and sometimes increases, de- 
pending upon which of these sieving rates is larger. 
If they are approximately the same for each sieve, 
then the weight remaining on intermediate sieves 
remains constant and only the top sieve and pan will 
show any change, as may be seen in figure 6. Thus, 
the rate of change observed on the top sieve and in 
the pan are true sieving rates, whereas the rates 
of change on intermediate sieves are differences 
between sieving rates. 

In order to study sieving rates it is quite obvious 
that, at most, only two sieves can be shaken at a time. 
The material on the top sieve and the material in the 
pan are weighed every few minutes to determine the 
two sieving rates. For practical purposes it is far 
better to shake only one sieve at atime. The sieving 
rate can be obtained from the weight of material 
falling into the pan, and in this way the material 
on the sieve is not disturbed during the weighing. 

A typical sieving-rate curve is shown in figure 7. 
It is seen that the rate drops off very rapidly at first, 
but then much more slowly, and was never observed 
to reach zero. This is further demonstrated in table 
4, in which the shaking was carried on for 80 min, 
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Ficure 7. Typical sieving rate curve for bone char. 
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Tapsie 4. Effect of prolonged shaking on the Ro- 


Time of Weight on Time of Weight on 
shaking | sieve shaking sieve 


min 


and the weight of bone char on the sieve was stil! 
decreasing. The continued passage of material 
after such long periods is due to attrition of the 
particles. Because of this attrition, it is desirable 
to shake the sieves for a short time only. 


2. End Point of Sieving 


The end point of sieving would be attained when 
no more material passed any of the sieves in the 
stack, or when all sieving rates became zero. How- 
ever, as has been shown, the sieving rate never 
reaches zero, and therefore a definite end point of 
sieving is not attainable. It is necessary, therefore, 
to employ another well-defined and reproducible 
point that may serve as a close approximation. As 
designated small value of the sieving rate serves this 
purpose. In order that the end point be reproducible 
the sieving rate must be very lew, so that if shaking 
is carried On a minute or so too much or too little, 
the change in the quantity on the sieve is insig- 
nificant. The magnitude of an insignificant change 
depends upon the required accuracy. A few tenths 
of 1 percent of the weight of the sample is sufficient 
reproducibility for many purposes. 

The standard sieving methods of the ASTM for 
cement [12], powdered coal [14], and paving materials 
[16] require that the terminal rate be 0.05 g/min, and 
for refractories [15], and soap [13] a terminal rate of 
0.1 g/min. For nongranular roofing materials |10), 
the rate is 0.05 percent of the weight of the total 
sample per minute, whereas for fine and coarse 
aggregates used in concrete [17] it is 1 percent of the 
residue on the sieve per minute. <A terminal rate 
expressed as a percentage of the sample insures that 
the same accuracy is obtained for a sample of an) 
size. However, since it can be shown that sieving 
rate is nearly independent of weight of sample, the 
terminal rate is better expressed in terms of the 
sieving rates. 

A suitable stopping point for bone char was found 
to be a sieving rate of 0.1 g/min through a standard 
8-in.-diameter sieve. A lower value was not suitable 
because of the abrasion of some soft chars. For 
this rate to be of the order of magnitude of 0.! 
vercent/min, a sample of about 100 g should be used 

he same stopping point was used for both hand and 
machine sieving. When shaking by hand, the 
sieves were tapped and shaken about 100 to 150 
times per min, and as the end point was approaclied 
the amount passing was weighed each minute 
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Reproducibility of hand sieving during repeated 
analyses of the same sample of char 
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Several repeated analyses with hand sieving are 
given in table 5. It is seen that the standard 
deviation from the mean is approximately 0.1 per- 
cent of the weight of the total sample. 

The time required to reach the terminal sieving 
rate of 0.1 g/min on a Ro-Tap machine is called the 
sieving time. It is determined by the point at which 
the slope of the sieving curve becomes 0.1 g/min. 

Fagerholt |2] derived a purely theoretical mathe- 
matical expression for the relation between the 
weight (W) of material remaining on a sieve and 
the time of shaking (f). 


W=W.+-—-) 


\/ 


where We is the weight that would remain after an 
infinite time, and Cis a constant. 

In his derivation it was necessary for Fagerholt to 
assume that (1) the rate of passage is proportional 
to the weight that can pass the sieve, (2) probability 
of passing depends upon size of particle relative to 
size of opening, (3) particle size distribution is con- 
stant in the range near the sieve opening, (4) suffi- 
cient time has elapsed for the passage of particles 
very much smaller than the sieve opening, and (5) 
the sieve openings are absolutely uniform in size. 

lt is shown in section IV, 5, that Fagerholt’s 
second assumption is not strictly correct, because 
the probability of passing is also dependent upon the 
relative motion of particle and opening. The fifth 
assumption is seldom realized even for new sieves. 
lhe nonuniformity may be very great for old, dis- 
torted sieves (see fig. 3). 

The rate of passage of material through the sieve 
is obtained by taking the derivative of the above 
expression, 


dW —C 
dt 2 . 


When the rate of passage of material through a 
sieve is plotted against time of shaking on log paper, 
a straight or very slightly curved line results (fig. 12) 
with a slope between —1.1 and —1.7. The failure 
to achieve always a slope of —1.5 can be attributed 
to nonconformity to the assumptions used in the 
derivation, especially the second and fifth. Never- 
theless, the plot does serve as a convenient means 
to determine the sieving time. 


3. Ro-Tap Machines 


There are two types of Ro-Tap machines in use 
today. The older model has two eccentrics, whereas 
the model being produced today has an eccentric on 
one side and a reciprocating motion on the other. 
The older model thus gives a rotary motion in the 
horizontal plane, and the newer model gives a com- 
bined rotary and reciprocating motion. In both 
machines the ratio of rotations to taps is equal to 
1.875. The substance upon which the knocker 
strikes can be varied, and commonly used materials 
are cork, rubber, and hardwood. 

To obtain some idea of the performance of various 
Ro-Tap machines, samples of two different service 
chars were sieved in seven different Ro-Taps and by 
hand. The same samples were sieved repeatedly 
to eliminate any sampling error. The magnitude 
of the attrition was found to be negligible by making 
the first and last analysis on the same Ro-Tap ma- 
chine under identical conditions (see table 6). The 
same set of sieves was used by the same operator in 
all cases. The shaking was continued for 10 min 
for all tests except hand sieving. The Ro-Tap 
machines tested were in daily use, testing various 
materiais and were used as found without alteration 
in any way. The characteristics of the various 
machines and the sieve analyses are recorded in table 
6. The results of machine No. | are in closest agree- 
ment with hand shaking in these cases. However, 
this is not always the case, as will be shown later in 
the section on speed of Ro-Tap. 

The coefficient of variation for the top sieve was 
found to be 23 percent, whereas for all others it 
ranged from 2 to 6 percent. This is because the 
weight on the top sieve can only decrease, whereas 
on all other sieves material falls through about as 
fast as it falls upon the sieves. The weight in the 
pan can only increase. Thus, if one shaking method 
causes more particles to pass the sieves than another, 
the top sieve and pan should indicate the greatest 
difference with very little difference on the inter- 
mediate sieves. An examination of table 6 shows 
that this is what happens, except that a large varia- 
tion did not appear in the pan. Apparently, the 
variation that should have appeared in the pan was 
absorbed by the intermediate sieves. 


4. Variation Due to Ro-Tap Knockers and Position 
of Sieves in Stack 


It was decided to test the two types of Ro-Tap 
machines having one or two eccentric bearings with 
various knocker cushions and various chars on each. 


335 





“~ 


er 
’ 


Ann 





ATI ee 


WATT IT ore 


t) : 


PIMMar 


‘ 7 


- 


“iy? 


TABLE 6. 


Machine 1 2 3 4 5 6 7 ol Mean Standard effi 
Speed (taps/min 110 1S 155 160 160 158 he 112 Hand of 7 deviation 
Eecentries 2 2 1 1 2 1 1 2 machines, _ fom i 
Knocker Rubber Rubber Cork Rubber | Rubber Maple Cork | Rubber m mean, ¢ ° 
CHAR 32 
On sieve No % LA Q % by /’ Te ( by % ; , 
16 41.9 5.6 5.6 5.9 6 4.6 5.2 # 4.3 1.77 1, 325 y 
2 21.6 22.9 22. 5 22.4 22.3 22.3 22.4 21.4 20.9 22. 34 387 
uw) 25.0 25.1 24.2 24.2 24.0 24.8 24.58 25.0 25. 3 24. 59 441 mM 
“) 19.7 20.0 19.4 19.3 19.2 19.5 19.4 19.8 0 19.50 271 
“) 16.8 15.3 16.5 16.2 16.1 16.8 16.5 17.0 17.3 16.17 697 i 
70 7.8 7.4 7.7 7.8 7.1 7.7 7.6 7.8 8.0 7. 59 255 
Pan 4.2 3.7 4.1 4.2 3.7 41.3 4.1 4.3 4.2 4.04 244 
CHAR # B 
12 2 $9 2.8 a4 4.5 2.7 2.7 2.3 2.3 3. 21 0.7%) 2 
16 18 14.7 14.0 14.2 15.4 13.6 14.0 13.1 12.7 14.20 il 
a» 22.7 22.0 22.7 22.5 22.4 23.0 22.6 22.9 22.9 22.56 310 
uw) 2h. 3 25. 2 24.6 24.5 24.4 24.7 A4.9 25.4 25.1 24.80 “7 
Ww 1s 4 17.9 18,2 18.0 17.5 18.3 Is. 2 18.4 18.6 18, 07 304 
wo 12.0 11.0 12.1 11.8 10.7 12.0 12.0 12.2 12.3 11.06 Mi ‘ 
Pan 5. 6 5.3 5.6 5.6 5.1 5.7 5.6 5.8 6.0 5.0 216 


* Included as a check for attrition 


TABLE 7. 
experimental variations 


Knocker Knocker Knocker Knocker 
; ke ; ; 


i 3 ‘ 


TOP SIEVE 


0] Q go 
Machine 1 with char | 21.1 21.0 20.8 22.8 
Machine 2 with char 2 15.8 15.9 15.6 16.0 
Machine 2 with char 1 21.4 21.4 21.1 21.5 
Machine 1 with char 2 15.0 14.9 15.2 16.9 
SECOND SIEVE 

Machine 1 with char I 17.0 17.3 17.1 17.7 
Machine 2 with char 2 18.7 18.6 18.6 18.6 
Machine 2 with char ! 17.2 17.3 17.4 17 

Machine 1 with char 2 18. 6 18.7 18.6 18.4 

rHIRD SIEVE 
Machine 1 with char 1! 16.6 16. 1 16.6 15.4 
Machine 2 with char 2 14.7 14.7 14.8 14.6 
Machine 2 with char 1 4.1 16.0 16.1 16.0 
Machine 1 with char 2 14.9 14.9 14.7 15.3 
PAN 

Machine 1 with char 1 16.2 16.2 16.2 14.8 
Machine 2 with char 2 15.7 15.6 15.8 15.5 
Machine 2 with char | 16.0 15.9 16.1 15.9 
Machine 1 with char 2 16.3 16.3 16.3 14.2 


The experiments were arranged to give the greatest 
amount of information by application of statistical 
methods of evaluation." Two different service 
chars were used on two different machines. The 
use of three different knocker cushions and _ the 
omission of the knocker made four different varia- 
tions of knockers. Three sieves and a pan were 
used. The time for each shaking was 7.5 min. <A 
tabulation of the variations employed is given below: 





? i The authors are indebted to John Mandel for aid in the design of the experi+ 
ments and their evaluation by statistical methods 
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Variation among Ro-Tap machines 


Weight of material remaining on sieves for the 16 


Machines: 
M,—2 eccentrics at 115 taps/min. 
M,—1 eccentric at 150 taps/min. 


Chars: 
C,—-70.7 g of char 32 with sieves No. 18, 25,35 
pan. 
C,—64.8 g of char 33 with sieves No. 20, 30, 40 
pan. 


Knocke r cushions: 
K,— Rubber. 
K,—Cork. 
K;—-Hardwood (maple). 
K,—None. 


Experiments were undertaken with combinations 
of each of the possible machines, chars, or knocker 
cushions by using the sieves designated for each 
char. To eliminate any possible bias due to attrition 
of the char, the order of the experiments was taken 
from a Latin square arrangement. The Latin squar 
is a statistical method of removing bias due to th 
order of experiment, as shown here. 


Order of experiments 


Knock- Krock- Knock- Knock- 


er K, | er K, | er Ky | er Ay 
Machine 1 with char 1 1 2 3 1 
Machine 2 with char 2 6 5 8 7 
Machine 2 with char 1 11 12 9 10) 
Machine 1 with char 2 16 15 14 


The results for each sieve are given in table 7 

From an analysis of variance (see appendix), |! 
was found that the variation due to knockers, cliars 
and the interaction between machines and knockers 
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is highly significant and the interaction between 
machines and chars is significant. Table 7 shows 
that the absence of a knocker (condition knocker 4) 
is the greatest cause of the variation. This means 
that sieve analyses obtained without the knocker 
are not comparable to those in which a knocker is 
ysed. When the analysis of variance is repeated 
omitting Ay (see appendix), it is found that there is 
significant variation between chars on all sieves and 
that there is significant variation between machines 
in the case of the top sieve and pan. There is no 
sivnificant variation in any other case. 

That a difference was found between chars was to 
be expected. The important point is that there is a 
difference between machines but none among knock- 
ers nor any interactions among combinations of 
knockers, chars, or machines. It was found that 
the magnitude of the difference between machines 
was dependent upon the speed of the mechanism, 
and this point is covered further under that heading. 
That no significant difference was found among 
knockers indicates that this is not an important 
souree of error in machine sieving and need not be 
rigidly controlled. The faet that the interactions 
with chars were not significant indicates that all 
chars react in the same way and that a sieving pro- 
cedure that will produce good results for one char 
will also produce good results for other chars. 

Some of the older machines have flat leaf springs 
to hold the sieves at the bottom instead of the cast 
iron plate, as in the newer models. It was found 
that the tension in these springs had no effect upon 
the sieving. 

When materials of different grist are sieved, it is 
expedient to have a certain sieve sometimes at the 
top of the stack and sometimes at the bottom. To 
determine whether or not a sieve gives the same 
results in the various positions, samples of service 
char were sieved on a single sieve at various posi- 
tions in the stack. All the other sieves that filled 
up the stack were very much larger, and no material 
was retained on any of them. It was concluded that 
the position of the sieve in the stack is of no impor- 
tance, as far as the results on that one sieve are con- 


cerned, 
5. Speed of Ro-Tap 


Early experiments showed that the speed of the 
Ko-Tap has an important effect on the final weight 
of material that remains on a sieve, and that this 
effect depends upon the size of opening. There- 
lore, a series of experiments was undertaken in which 
sieving curves were determined for closely sized 
fractions of char at various speeds of the Ro-Tap. 
\ weight of 15.00 g of each of the following char 
fractions was placed on the sieve designated below, 
and the sieving repeated at various speeds. A frac- 
tion of char previously sieved to pass No. 12 and be 
retamed on No. 16 was sieved on No. 14; similarly, a 
‘) to 40 fraction was sieved on a No. 35; and a 70 to 
00 fraction'on sieve No. 80. The general shape of 
lie sieving curves is the same for all sizes, and 

pical results are shown in figure 8. It is noted 

at the curve at the high speed (150 taps/min) levels 
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Ficure 8. Effect of Ro-Tap speed on weight retained as a 


function of time. 


off much higher than the curve for intermediate 
speeds (115 taps/min), whereas the curve at low 
speeds (less than 90 taps/min) levels off at the same 
value as that for intermediate speeds but takes more 
time to do it. 

This effect is brought out more clearly in figures 
9 and 10. The weight of material on a sieve after 
10 min of shaking is plotted as a function of speed in 
figure 9. In figure 10 the weight of material remain- 
ing on the sieve when the sieving rate falls to 0.1 
g min (termination of sieving) is plotted as a function 
of speed and compared to hand shaking. In figure 9 
it is seen that there is a definite minimum in the 
amount remaining on the sieves at a speed of about 
115 taps/min; the curves in figure 10 merely flatten 
out at low speeds. This means that at high speeds 
(150 taps/min) the sieve retains some particles that 
pass through ii at lower speeds. At 115 taps min the 
minimum amount is held on the sieve, and further 
reduction of speed only serves to lengthen the time 
required to complete the sieving. 

Since it is desirable to have the sieve analysis give 
the closest possible representation of particle size dis- 
tribution, it follows that the most accurate sieve 
analysis will be obtained at the speed at which the 
minimum occurs, namely 115 taps/min. Also, sieve 
analyses made at the speed of the minimum should 
be more reproducible, because adjacent to the mini- 
mum the curves slope very slightly. Thus, if the 
speed of Ro-Tap varies by a few taps a minute, then 
the effect on the amount passing the sieve is mini- 
mized. At the usual speed of 150 taps/min, the 
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Effect of Ro- Tap speed on the weight of hone char 
retained on various sieves after 10 minutes. 


Ficvure 9 
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made at one constant speed is essentially the amp 
for all types of machines regardless of the sp. < 

The agreement between hand and machine s: ying 
at a speed of 150 taps/min is somewhat better | hay 
at a speed of 115 taps/min. However, the imp: ved 
reproducibility and the apparent greater accura:y of 
machine analyses at 115 taps/min more than out- 
weighs the disadvantage of nonagreement with hand 
sieving for materials such as bone char. 

To study the agreement of the two types of Ro- 
Tap machines at various speeds, three samples of 
char having different particle sizes were run on both 
types. The weights on the sieves after 10 min of 
sieving are shown as a func ‘ion of speed in figure || 
The results are in substantial agreement for all par- 
ticle sizes at speeds below 115 taps min. At higher 
speeds the results obtained on the two machines be- 
come more divergent. The two-eccentric machine 
in which the motion is more violent, does not pass as 
much material as the one-eccentric machine per unit 
of time. 
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Ficure 10. Effect of Ro-Tap speed on the weight retained on 
various sieves at the termination of sieving compared with 
hand sieving as unily. 


slopes of the curves in figures 9 and 10 are such that 
a variation of 5 taps/min changes the amount re- 
maining on the sieve by about 2 percent. The vari- 
ations noted in table 6 are largely due to variations 
in speed. The reproducibility of sieve analyses 
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Fieure ll. Effect of Ro-Tap speed with two types of machine 
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Fahrenwald and Stockdale [19] studied the effect 
of the motion of the sieve. They found that the 
highest rates of transport of material through the 
sieve could be obtained at very high speeds of shak- 
ing if the amplitude of motion was about the same as 
the size of the sieve openings. The amplitude of 
motion of the Ro-Tap machine is about 1 1n., which 
is much larger than the opening of any sieve studied 
here. Apparently the selective retention of slightly 
undersized particles at high speeds of the Ro-Tap is 
to be attributed to excessive amplitude of motion in 
the horizontal plane. The enhanced retention of 
all particle sizes at low speeds is due to the lack 
of sufficient motion. It is possible to express the 
probability, P, of a particle passing through a 
sieve opening in terms of fundamental mechanics. 
Each particle can be uniquely located in the space 
above the sieve by six coordinates, three of transla- 
tion and three of momentum. The probability, P, 
is then a ratio, in which the denominator is the prod- 
uct of all possible positional and momentum values 
in phase space, and the numerator is the particular 
positional and momentum values required for the 
particle to pass the opening. All types of sieving 
devices that utilize forced vibrations should be sub- 
ject to this analysis and exhibit an optimum value of 
frequency for maximum transport through the sieve 


openings, 


6. Effect of Speed of Ro-Tap for Various Materials 


In order to determine whether the effect of varia- 
tions in speed was peculiar to bone char or general 
for all types of material, a number of different ma- 
terials, particle shapes, and particle sizes were exam- 
ined. The results are summarized in table 8. The 
weight of material remaining on the sieves varied 
over wide ranges, but since the actual weight is not 
important the amounts remaining on the sieves are 
expressed relative to the minimum amount. The 
data should be regarded as qualitative. The fact 
that one material shows a 10-percent and another a 
50-percent increase in the amount retained on the 
sieve at high speed is of no significance; it only 
reflects the different particle size distributions. The 


ante 8 Effect of Ro-Tap speed for various materials 
Particle , s Relative 
Material } Standard amount Speed 
Stay Sieve No on sieve 

Taps min 
| 1.08 SA 
Beads 25 1.00 116 
| 1. OS wo 
| 1.37 vl 
Do do in 1.00 120 
| 13s 152 
Char 32 Granular :n j 1.00 11S 
1 1.09 15S 
Char és C do { 1.00 122 

s 

| 1. 52 158 
Bismuth do , { 1.00 122 
os 1 1.04 1M 
Irot Filings , i; 1.00 122 
7 ' 1.08 1 
sand Granular > i 1.00 117 
. 1 1.25 Lt 
Fleridin (73 H Rounded 40 { 1.00 117 
| 1.13 1M 





sume behavior with regard to speed was found for 
all the materials tested; that is, at a speed of Ro-Tap 
of approximately 150 taps/min some under-sized 
particles are retained that will pass through at a 
speed of approximately 115 taps/min. 


IV. Sample for Sieve Analysis 


It is of importance that the sample for sieve 
analysis be representative of the material from 
which it was taken. However, this study is pri- 
marily concerned with the influence of weight and 
other physical properties of the sample on the sieving. 
The sample for sieve analysis is usually only a small 
fraction of the original material and must be 
prepared by coning and quartering or the use of a 
riffle, or the use of other suitable sample divider. 
The entire end product of the sample-reduction 
peocess must be used as the sample for the sieve 
analysis, otherwise it would completely defeat the 
purpose of the reduction process. 


1. Weight of Sample 


The minimum number of particles that can be 
considered a representative sample of a heterogeneous 
material such as bone char is about 10,000, and it 
would be preferable to have many more. From this 
point of view, the sample for sieve analysis should 
be large enough to have this number in each fraction. 
Ten thousand particles of 12 to 14 fraction of bone 
char weigh about 30 g, and 10,000 particles of 80 
to 100 fraction weigh about 30 me. 

The testing sieves are only 8 in. in diameter, and 
if they are loaded too heavily a condition known as 
“blinding” occurs. When this takes place, nearly 
all the openings become plugged by particles wedged 
into them, and even material very much finer than 
the sieve opening cannot pass. Too great a depth 
of material on the sieve and the hammering of the 
oversize pieces into the openings by the many pieces 
above contribute to the blinding. It is generally 
agreed that the ideal depth of material on the sieve 
is no more than one or two particles. A laver two 
particles deep of 80 to 100 fraction of bone char 
with a bulk density of 60 Ib ft* on an 8-in. sieve 
weighs about 10g. A laver of 10 to 12 fraction of 
material this deep weighs 100 ¢. A layer two 
particles deep contains more than 10,000 particles 
for sieves finer than No. 8. It has been found that 
material four or six particles deep ean be suecessfully 
sieved, but more than this causes excessive blinding, 

In the range of particle sizes commonly found in 
granular materials, a convenient weight of sample is 
100 g. Samples of bone char larger than 500 ¢g 
always produce excessive blinding of the sieve, and 
samples smaller than 50 g always give very erratic 
results, because the coarser fractions contain too few 
particles. Since it is not practicable to prepare a 
sample of exactly 100.00 g by a sample reduction 
process, approximately 100 g¢ must be used. The 
effect of sample size must be determined so that 
sieve analyses made with different sized samples can 
be reduced to a comparable basis. Preliminary ex- 
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periments showed that identical sieve analyses could 
be obtained with samples from 50 to 500 g if the 
shaking was continued just long enough to reach the 
end point of sieving. 

It might be expected that the sieving time required 
to reach this end point would be directly proportional 
to the weight of sample. This is found to be true 
for any one particular sample. However, further 
investigation showed that the sieving time was also 
dependent upon the particle size distribution, par- 
ticle size, the particle shape, and sieve uniformity. 


2. Effect of Particle Size Distribution 


An experiment was performed to study the in- 
fluence of those particles that are of such sizes that 
they might hinder the passage of the particles that 
are a near fit. A service bone char (char 32) was 
carefully sieved into the following fractions: 


Fraction Weight 


V 
Through No. 25 on No. 30 90 
Through No. 30 on No, 35 10 
Through No. 35 on No. 40 10 
Through No. 40 on No. 45 90 


First, the 30 to 35 and 35 to 40 fractions (total 
weight 20 g) were mixed together and sieved on the 
No. 35 sieve and the rate determined as a function 
of time. Then the 25 to 30 fraction was added 
(total weight 110 g) and the sieving repeated; finally, 
all four fractions were mixed (total weight 200 g) 
and again the sieving repeated. The results are 
given in table 9 and shown graphically in figure 12. 
It is at once apparent that the same value for sieving 





OrSTRIBU TION 
10@ (30-35) * 109(35-40) 
904 (25-30) * 10g(30- 35) + 109(35- 40) 
909 (25- 30) + 109 (30-35) +109(35- 40) + S0900- 45 
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Effect of size of sample and particle : 
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Figure 12. distribu- 


time was obtained for all three experiments, ali ugh 
the weight of the sample varies tenfold, an’ (ha; 
many over-sized particles do not effeet the p. sage 
of the near-fit particles. The near-fit partic! < aye 
defined as those that pass the next larger siey. an 
are retained on the next smaller sieve in 42 ~>ries 
vr . . ° \ 

The effect of sieve uniformity does not enter jere. 
because only one No. 35 sieve was used. From ‘hese 
experiments it can be concluded that the sicving 
time is not affected by the weight of the cntire 
sample nor by the weight of that portion that re. 
mains on top of the sieve, but rather by the weight 
of the near-fit particles. 


TaBLe ©. Effe 
dist, cbution 


“e of sample and relative parti: 
sieving time of fractions of char 


Additional rie - 
Time interval weight be - sp rc + 
through —_ -_ 


10 g (30 to 35)+-10 g (35 to 40) on No. 35 


min a g/min min 
2to3 z 0. 25 4 
3to4 7 wv 
4to6 2 . 125 
fito 10 " p 080 
q 043 13.5 
a A 029 21 
25 to 35_. et O15 30 


@ g (25 to 30) +16 g (30 to 35)+10 g (35 to 40) on No. 35 


2.5 to 3.5 0. 16 
3.9 to 6 % 132 
6tole .. q | . O85 
10 to 16 36 . 000 


90 g (25 to 30) +10 g (30 to 35) +10 g (35 to 4€)+-00 g (40 to 45) 
on No, 35 


2.16 to3 
3to5 
5to¥ 
9to 15 


3. Effect of Particle Size on Sieving Time 


The near-fit material has to fall upon the openings 
a large number of times before it is known whether 
or not it passes. Accordingly, the sieving time 
should be dependent upon the number of near-fit par- 
ticles per sieve opening. The number of particles 
(NV) is proportional to the weight of material (1) and 
inversely proportional to the cube of the diameter of 
the particle (d), (N=k, W/d). The number of sieve 
openings (/7) in a constant sieve area is inversely 
proportional to the square of the diameter of th 
opening,” (47/=k,./d*). In these relationships /, and 
and &, are constants. Thus, the number of particles 
per sieve opening is given by the following relation- 
ship: N/H= (ki/k.) GV/d). Hence, the sieving tim: 
should be dependent upon the weight of near-fit mate- 
rial divided by the size of the sieve opening. 
To check this hypothesis, experiments were col- 
ducted with sieves of certified uniformity in which 
" More exactly, the number of openings is proportional to the free or of 


but the wire diameters and sieve openings are such that the ratio of op: 
total sieve area is about the same for all sieve sizes. 
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the weight of near-fit particles was varied over wide 
limits for several different sieve sizes and particle 
shapes. The sieving times are given in table 10. 
In figure 13 the sieving time is plotted as a function 
of the weight of near-fit particles divided by the 
size of the opening. Sizes equal to or smaller than 
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TaBLe 10. Sieving times for various weights, sizes, and shapes 
of particles 


, Diame- . 
Weight . Siev- 
Material ofnear- | “eve ter of ing 


fit, Wy — time 


min 
Chars 11 
Do { 115 
Do 4s 
Do i 37 
Do 25 32 
Do 25 
Do 16 
Do 6 
Do 5 


Do 
Do 
Do 
Do 
Do 
Do 
Do 
Do 
Do 
Do 
Do 
Do 
Do 


Do 
Sand (angular) 
Glass (spherical) 
Do 
Floridin (round) 


the opening of No. 35 fall near the same straight 
line, but sizes coarser than No. 35 fall near lines of 
increasing slope. If these sieving times are plotted 
as a function of the weight of near-fit particles (fig. 
14), then sizes equal to or coarser than No. 35 fall 
near one line and those finer on lines of increasing 
slope. The reason for this behavior is not apparent. 
It may be noted from figures 13 and 14 that the 
round shapes require only about one-half as much 
sieving time as the irregular shapes. As all curves 
have an intercept of 1 or 2 min for zero weight of 
material, this is the time required for particles tha 
are very much finer than the sieve to pass throught 

For bone chars and other granular materials of 
irregular shapes, the sieving time (7, min) can be 
represented as a function of the weight of near-fit 
material (Wy, g) and the sieve opening (d, em) by 
the following expressions: 


For sieves No. 35 and coarser: 
T (min) =2+0.23 Wy 


For sieves No. 35 and finer:> 
l 


T (min) + 0.0137 Wy/d. 

The times should be calculated to the nearest minute. 
For rounded particles, somewhat less time is required 
with a minimum of one-half of the values obtained 
from these equations. The time of shaking of a stack 
of sieves should be determined by the sieve requiring 
the maximum time. In the usual sieving operation 
the approximate sieve analysis is not previously 
known, so that there is no way of determining the 
sieving time until a trial run is completed. For the 
trial run, 10 min isa suitable shaking time for samples 
of about 100 g. 
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It has been noted that when sieving service bone 
chars with the ,2 series of sieves, there is usually a 
maximum of 20 to 35 percent of the total weight (W) 
of the sample on any one sieve. Hence, the weight 
of near-fit Wy on that sieve is to a first approxima- 
tion about three-tenths of the total sample, namely, 
Wy =0.3 W. The approximate sieving time for serv- 
ice chars can then be simply ascertained for a maxi- 
mum occurring on a sieve coarser than No. 35: 


T(min)=2+0.07 W, 


and for a maximum occurring on a sieve finer than 
No. 35: 
W 


T(min)= 1 + 0.004 —- 


It is recommended that a sample weighing not more 
than 150 g nor less than 100 g be used and the sieving 
time be taken from the above relations, which are ex- 
pressed graphically in figure 15. If a maximum of 
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Figure 15. <Approrimate sieving time as a function of the 


weight of the bone char. 


This method is to be used only if a maximum of 20 to 35 percent of the sample 
is retained on the sieve 


more than 35 percent or less than 20 percent be re- 
tained on any sieve, or if the sieves used are not the 
y 2 series, or, if it is necessary to use less than 100 ¢ 
or more than 150 g, then figure 15 and the approxi- 
mate equations do not apply. It is then necessary 
to use the more exact relations given in the text. 
For example, assume that a preliminary sieve analy- 
sis showed that a certain char dust was about 42 
percent between the No. 50 and 70 sieve and about 
34 percent between the No. 70 and 100 sieve. A new 
sample, which weighed 108 g, was prepared on the 
riffle. As the sieves are in the ,2 series, the weight 
on the sieves is approximately equal to the weight of 
near-fit material. Hence the weight of near-fit ex- 
pected on the No. 70 sieve is 0.42 108=45.4 g and 
that on the No. 100 is 0.34 108=36.8 g. The open- 


ing of the No. 70 sieve is 0.021 em and that f thy 
No. 100 is 0.0149 em. From the relationship gi\ . fo, 
sieves finer than No. 35, the sieving time for t}. Vo 
70 is 


T=1+-0.0137 Wy /d= 1+4-0.0137 (45.4/0.021)=3) min 
For the No. 100 sieve 
T=1+-0.0137 (36.8/0.0149) =35 min. 


The sieving time for this sample is 35 min. The 
No. 100 sieve required the longest time, even though 
the maximum weight does not occur on this sieve 


4. Test for Sieve Uniformity 


Having considered the influence on the sieving rate 
of particle size, particle-size distribution, weight of 
sample, method of shaking, and shaking time, it jis 
possible to devise a test for sieve uniformity. Any 
correlation between sieving rate and sieve uniformit) 
is necessarily approximate because of the many 
factors involved. It has been shown that the method 
of shaking has practically no effect on sieving rate as 
long as the speed of the Ro-Tap remains constant 

The material usually employed on the sieves can 
be used for testing for uniformity. A sample that 
gives the same sieving rate for all sizes of sieves may 
be prepared by adjusting the weight of near-fit 
material for each size sieve. Five minutes was found 
to be a suitable sieving time. The calculated weights 
of near-fit material required to give a sieving time of 
5 min is given in table 11 for a service bone char 
The weights of individual fractions needed for a test 
sample of a service bone char are listed in table 12 
The sum of the weights of the sieve fractions imme- 
diately above and below any given sieve is equal to 
the required weight of near-fit material. As it has 
been shown that oversized and undersized particles 
do not affect the sieving rate, a master test sample 
can be made up consisting of the tabulated amounts 
of all fractions in the desired range of sieve sizes. I! 
the entire {2 series of sieves is not available, then 
combined fractions can be used with little difference 
in over-all results. 

In making a test, the prepared sample is placed on 
one sieve and shaken for intervals of | or 2: mins. After 
each period of shaking, the additional amount in tlh: 
pan is weighed and the rate of passage of material 
through the sieves is plotted as a function of time of 


Tarre ll. Calculated values of weight ef near-fit materia 
5-minute sieving time for a service bone char 


U.S. Standard Sieve Weight of U.S. Standard Sieve Weight 
0 near-fit No nea 


35 and coarser 
tt) 
45 
SO 
60 
70 
a0) 
100 
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Parte 12. Calculated weight of sieve fractions of a service 
hone char needed to obtain a test sample for sieve uniformity 
Weight 


Weight Sieve fraction 


Sieve fraction 


qd 

100 to 120 
120 to 140 
140 to 176 
170 to 200 
200 to 230 
230 to 270 
270 to 325 
325 to 400 
Through 400 


( to 35 and all coarser 
close fractions * 6.52each 
to 6.65 

) to 45 5.48 

iS to M 4.74 

vi to 3.93 

i) to 70 3.37 

0 to 80 2.76 

w to 100 2.41 


Includes the fractions 4 to 5, 5 to 6, 6 to 7, 7 to 8, Sto 10, 10 to 12, 12 to 14, 14 to 
i}. 16 to 18, 18 to 20, 20 to 25, 25 to 30, and 30 to 35, 


shaking. If the sieves are uniform the sieving rate 
drops to 0.1 g/min in 5 min. or less. Typical sieving 
rate curves for sieves of varying uniformity are shown 
in figure 16. The heavy line in figure 16 has been 
drawn to indicate an arbitrary dividing line between 
satisfactory and unsatisfactory sieves. It is signifi- 


cant that the sieving rates for nonuniform sieves are 
very erratic as compared with the regular behavior 
Any closer correlation be- 


of satisfactory sieves. 
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kE 16. Suggested criteria for an approximate classifica- 
on of steves with reference to uniformity of openings. 
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tween sieve uniformity and sieving rate would re- 
quire a long statistical study, which is not warranted 


at present. 
5. Density and Hardness 


Although substances ranging in density from about 
1 g/em*® (activated charcoal) to about 10 g/cm* 
(bismuth) have been examined, no effect of particle 
density on sieving characteristics has been observed. 
The particle density for materials such as bone char 
and other adsorbents may be dependent upon 
particle size, thus complicating the relationship 
between the particle-size distributions by weight 
and by number. 

As previously mentioned, material may continue 
indefinitely to pass through a sieve in motion because 
of the wearing of the particles. The minimum 
sieving rate, which is approached asymptotically, 
should be a measure of the abrasion resistance of 
the material. However, it would not be practical 
to determine abrasion resistance of bone char in 
this way, because it would require many hours of 
shaking on the Ro-Tap machine. 

The resistance of the material to the type of abra- 
sion encountered in the Ro-Tap machine can be 
measured very conveniently by repeating the sieve 
analyses several times. Any trend toward finer 
sizes is an indication of abrasion. In one experiment 
128.6 g of a good service char was sieved five times 
for shaking periods of 10 min each. The weight of 
char remaining on the various sieves is plotted as a 
function of the number of sievings in figure 17. No 
particular trend is apparent on any sieve, but the 
weight in the pan definitely increases. Apparently, 
the wearing of bone char is such as to break off the 
sharp corners and thus produce fines rather than the 
fracture of large pieces. Attempts to detect changes 
on intermediate sieves fail because of the experimental 
error in sieving. 

The rate of increase on the pan is 0.0034 g/.ain 
for the 128.6 g of sample, or 0.0026 percent/min. 
This rate of abrasion is quite insignificant in com- 
parison with the other errors of sieving. The rate 
of abrasion of some soft chars is several times this 
value, and for a shaking period of 10 min, the in- 
crease in the pan fraction is sometimes as much as 
0.1 percent. This is just large enough to be detected 
by a sieve analysis and, hence, very soft chars 
should be shaken as short a time as necessary. 


6. Effect of Moisture on Sieve Analyses 


The amount of moisture that a bone char can ad- 
sorb and still appear dry varies greatly with the 
char. A very good service char was found to adsorb 
about 17 percent of moisture (dry basis) before ap- 
pearing wet, whereas a discard char adsorbed only 
about one-third that amount. The adsorption of 
water seems to be approximately proportional to the 
total surface area, the latter being measured by the 
adsorption of nitrogen at low temperature. 

Small amounts of moisture have little effect upon 
passage of char particles through a sieve. It has 
been observed that bone char that appears to be dry 
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Figure 17. Attrition of bone char due to repeated sievings. 


The only significant trend is the increase in the weight of the pan fraction. 


sieves just like dry material. On the other hand, if 
a bone char appears definitely to be moist, it does 
not sieve. In a test run, a sample of service char 
appearing wet, which contained a total moisture of 
17 percent, was shaken for 10 min in a nest of six 
sieves in the usual fashion. It was observed that 
more than 70 percent of the sample remained on the 
top sieve and none had reached the bottom three 
sieves. 


The weights of moist char retained on the <jeyes 
will appear to be slightly different from that \\r the 
dried char, because the different particle sizes . {sor}, 
water to a different extent. Moist particle. pre- 
sumably would have the same size as when dry and. 
therefore, go through the same sieves; however, they 
would weigh more. Consequently, a sieve analysis 
of moist char must be accompanied by a moisture 
determination of the various fractions and the re- 
sults calculated to a dry basis. The sieve analyses 
of a sample of chars 32 and 34 when dry and whey 
containing different amounts of total moisture are 
given in table 13. A moisture determination was 
made for each fraction of the two wet chars and the 
sieve fraction corrected to correspond to dry char 
When the char contains only 1 or 2 percent of mois- 
ture, the corrections are very small. Although 
sieve analysis can be made with a char containing 
appreciable moisture, it is more practical to dry th 
complete sample ahead of time. 


V. Summary and Recommended Procedure 


It is not possible to assign a numerical value to the 
error to be ascribed to every particular source. |i 
can be said, however, that the aes source of error 
by far is in the tolerances permitted in the average 
opening of testing sieves. When the standard ,2 
series of sieves conforming to present specifications 
is used, the differences when using different sets of 
sieves are usually in error by not more than 5 per- 
cent of the total sample. his error, due to th: 
sieves, can be reduced to a few tenths of one per- 
cent of the total sample by determining the effectiv: 
openings of the sieves with a prepared sample of 
spherical glass beads. However, nonuniform open- 
ings in the sieves produce erratic and inconsistent 
sieve analyses. 

The method of shaking is a secondary source of 
error, in general, as long as some uniformity is ob- 
served. The position of the sieve in the stack, the 
knocker cushion material, and the tension of the 
supporting springs produce errors of less than 0! 
percent of total sample on any sieve and hence need 
not be rigidly controlled. It has been demonstrated 
that a speed of 115 taps/min is superior to the usual 


Tasie 13. Effect of moisture on sieve analysis of bone char 


Sieve analysis 
Sieve Mois- Mois- 


’. S. Stance 
t tandard analysis ture ture 


Sieve No 


rected) 
SERVICE CHAR 32 (GRAR SAMPLE) 


1.28%, total moisture 13.6% total 


On 16 

16 to BD 
Dito # 

20 to #0 
to 

#) to 70 
Through 70 


Sieve analysis 


dry char content Wet Dry (cor- content Wet Dry (cor 


Sieve analysis 
Sieve Mois- 
analysis ture 
dry char content Wet Dry 


U. 8. Standard 
Sieve No 


rected) 


SERVICE CHAR 34 (GRAB SAMPLE) 


moisture 4.2% total moist 


On 4... 
14 to 16 
16 to 18 
IS to B® 
BD to 3% 
Through 30 
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speed of 150 taps/ min. Tne reproducibility is the 
same at speeds of 80 to 165, as long as the speed 
is constant. However, a minimum amount is 
retained on the sieves at 115 taps min, and appar- 
ently the best measure of particle diameter is ob- 
tained. The two types of Ro-Tap machines (one 
or two eccentrics) are equivalent at 115 taps/min, 
but they are not equivalent at 150 taps/min. The 
differences between sieving analyses obtained on 
different machines are probably due entirely to 
differences in speed. 

The errors inherent in the sampling and sample 
dividing procedure are not considered in this paper. 
The characteristics of the material can, however, be 
the souree of some errors in sieve analysis. The 
density of the material being sieved has apparently 
no effect on the sieving characteristics. Nearly all 
bone chars are hard enough so that negligible wear 
occurs during a sieve analysis. Moist bone char 
can be satisfactorily sieved provided it does not 
appear moist and that the variation of moisture with 
particle size is properly evaluated. 

The errors introduced by variations in weight of 
sample can be tremendous if very small or very large 
samples are used. Samples of 50 to 500 g of bone 
char can be satisfactorily sieved. However, it is 
recommended that samples of 100 to 150 g be used. 
The shaking time should be adjusted in accordance 
with the weight and particle size distribution of the 
sample. 

The over-all reproducibility of a sieve analysis 
carried out in accordance with the following recom- 
mendations will be about 0.1 percent of the weight 
of the total sample. This variation will appear on 
all sieves irrespective of the amount of material 
retained on each individual sieve. 


VI. Recommendations for Sieve Analyses of 
Bone Char 


All testing sieves should be tested for uniformity 


of em The effective openings of all testing 
sieves should s measured by means of a calibrated 
sample of material such as glass spheres, and the 
effective opening should be used instead of the nomi- 
nal opening. All sieve analyses may then be - ‘u- 
lated to correspond to the nominal openings. If 

t Ro-Tap machine of the present design is Be it 
feo be operated at 115 taps/min of the knocker 
mechanism. The other variables concerned with the 
shaking procedure are of — importance and need 
not be rigidly controlled. The sample should be 
dried before sieve analysis, pt nade 1 or 2 percent 
of moisture in bone char has negligible effect. 5. The 
weight of the sample of bone c char should be between 
100 and 150 g, and the shaking time should be ad- 
justed accordingly. 6. Fractions should be weighed 


to the nearest 0.1 g and recorded to the nearest 0.1 
percent. For purposes of uniform comparison be- 
tween laboratories it is recommended that cumula- 
tive percentage finer be used to express the results 
of sieve analyses. 
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VIII. Appendix 


An analysis of variance for the top sieve takes the following form (for terminology, see any standard text on the ans vsis of 


variance, for example [18]): 


Analysis of variance including all four knockers 


{The value of F for significance at the ! ¥~ reent = is about 10 and at the 
l-percent level about 30.] 


Devrees . 
Source of variation of —_ of Variance F value 
freedom | S@uUares 
Knockers 3 3. 285 1. O85 3.0 
Machines 1 0. 0625 0. 0625 5. 36 
Chars 1 131.1 131.1 11, 230 
Interactions: Machines and 
chars 1 0.16 0.16 13.7 
Machines and knockers 3 2. 0625 6875 5&8 
Chars and knockers ; 0. 0525 O175 1.5 
Triple interaction (error ; Ors O1167 
Total. . 15 136. 73 


Since it is noted that the absence of a knocker (condition 
knocker 4) is the greatest cause of the variation, the above 
analysis of variance is repeated omitting Ky: 


Analysis of variance omitting Ky (no knocker 


(The value of F for significance at the 5-percent level is about 20 a 
1-percent level about 190.] 





Top sieve Second sieve | Third sieve Par 
Source of variation ” 
Vari- . Vari- . Vari- rN : 
ance ance ance F 
Knockers 0. 0258 1.490. 01 3 0.2580 1.2 a 
Machines . na 8533 49 0208 6.2 . 1633 5.3 4s 
Chars. 98.06 5,600 602 1,800 645 | 29 rr 
Interactions 
Machines and chars... 0. 120 68 0.0208 6. 2.0. 0533 1s 12 
Machines and knockers 0308 1.8 0133 4 O1OS 28 ol 
Chars and knockers O583 1.5 0133 4 0358 1.2 0 
Triple interaction (er 
ror) O175 0083 . 0808 0 


WasHIncTon, March 21, 1950. 
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First Spectrum of Arsenic 
By William F. Meggers, Allen G. Shenstone,' and Charlotte E. Moore 


The spectrum emitted by neutral arsenic atoms was observed photographically in the 


infrared, visible, 


and ultraviolet, and new lines were discovered in each spectral region. 


Measured wavelengths and estimated relative intensities are given for 330 lines, ranging 


from 1407.34 to 11679.9 A in wavelength and from 1 to 2000 in intensity. 


More than 74 


percent of the total number and 97 percent of the total intensity of observed lines have been 
explained as combinations of 30 odd energy levels arising from 4s? 4p' and 4s? 4p? np electron 


configurations and 58 even levels from 4s 4p', 
ence between observed and computed wave numbers is 0.14 em-—'. 


4s? 4p? ns, and 4s? 4p? nd. 


The average differ- 
Most of the observed 


levels have been assigned to doublet and quartet terms, and spectral series of the type 


4s? 4p® — 4s? 4p* ns have been identified. 


Calculations based on these series vield an absolute 


value of 79165 em~'! for the ground state 4s? 4p* *S)., of neutral arsenic atoms, that is, an 


ionization potential of 9.81 


I. Introduction 


In 1929 Meggers and deBruin [1]? published a 
paper on the are spectrum of arsenic, based on 
measurements of 54 ultraviolet lines (1889.85 to 
3119.60 A) and 23 infrared lines (7410.07 to 10023.98 
A). At that time this spectrum had not been 
observed in the region of shorter waves, and the 
assumption that the Blochs [2] had observed As 1 
lines in spark spectra in the extreme ultraviolet 
could not be verified. Although it was not possible 
then to determine absolute term values from spectral 
series, the ground state was recognized as ‘S°, and 
by comparison with analogous terms in the spectra 
of neighboring elements the absolute value of this 
ground state was tentatively estimated as 80693 
em” ', which corresponded to an ionization potential 
of about 10 ev. This was 13 percent lower than 
the value 11.54 +0.5 ev derived in 1922 by Ruark, 


Department of Physics, Princeton University, Princeton, N. J, 
? Figures in brackets indicate the literature references at the en of this paper. 


+ 0.01 electron volts. 


et al. [3] from experiments on low-voltage arcs in 
arsenic vapor. 

A paper on spectra of arsenic in the extreme ultra- 
violet, 2500 to 710 A, by Queney [4] reported about 
300 arsenic lines from electrodeless discharges but 
added nothing to the As 1 spectrum. 

The shorter waves of this spectrum were first 
investigated by K. R. Rao [5], who burned metallic 
arsenic in an are between carbon poles and photo- 
graphed the spectrum with an evacuated spectro- 


—_— containing a 1 m-radius grating, giving 4 
scale of 8.6 A/mm. He measured 64 lines between 


1995.45 and 1563.08 A with estimated probable 
errors of +0.03 A. Because no spectral series coul’ 
be found, Rao adopted the absolute value *S°= 9550") 
cm~' from the ionization potential 11.54 ev reportec 
by Ruark, et al. [3]. 

In 1932 further investigations of the are spectrum 
of arsenic were reported by A. S. Rao [6], who meas- 
ured 160 ultraviolet As 1 lines (1995.45 to 1319.48 A 
on a hollow-cathode spectrogram having a seule ¢! 
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7 A’mm. He quoted infrared data from Meggers 

nd deBruin [1], ultraviolet data (3119.576 to 1563.08 
\) from K.R. Rao [5], and classified 200 lines with 
46 levels. Earlier interpretations of the As 1 spec- 
‘rum were revised and extended, and an estimate of 
‘he ionization potential as 10.5 ev was derived from 

so members of several assumed series terms. In 
the light of present data, many of Rao’s designa- 
tions of spectral terms appear to be incorrect, the 

eality of some of his levels is doubtful, and his value 
of the ionization potential for arsenic is certainly 
too large. 

In 1933 Hicks |7] attempted to obtain an absolute 
value of the spectral terms of arsenic by “the appli- 
cation of the oun-multiple law to the separations” 
\[ysterious calculations led him to a value of 87945 
em! for the ionization limit, and he stated that “this 
Is equivale nt to 10.85 volts, and closer to the value 
11.52 +.5 referred to by Rao than his 85000 with 
10.5 volts”. It now appears that this correction was 
wrong in both direction and magnitude. 

The only other investigation of the first spectrum 
of arsenic published during the past 20 vears deals 
with the Zeeman effect. Green and Barrows [8], in 
1935, published Zeeman patterns for 11 lines (2288.2 
to 3033.0 A), derived g-values for 13 levels, and con- 
cluded that “the levels of Ast are so close to LS 
coupling that the g-values are almost normal’”’ 

The lack of a reliable ionization potential was 
inspiration and justification for another investiga- 
tion of the first spectrum of arsenic. Such an inves- 
tigation has been made at the National Bureau of 
Standards from time to time during the past 20 
vears, and as a result, the Asi spectrum has been 
exhaustively explored photographically from 12500 A 
in the infrared to 1200 A in the ultraviolet. This 
spectrum has been found to consist of three separated 
groups of lines, 71 infrared, 46 visible, and 210 ultra- 
violet. More than 74 percent of the total number 
and 97 percent of the total intensity of observed As 1 
lines have been explained as combinations of 88 
atomic-energy levels, and a principal ionization po- 
tential of 9.81 ev has been calculated with confidence. 
Becwuse further investigation of this spectrum is 
neither likely nor profitable, this final report is now 
presented. 


II. Wavelength Measurements 


The infrared Ast lines reported by Meggers and 
deBruin [1] were observed with photographic plates 
sensitized in the laboratory by bathing them in 
dilute solutions of neoeyanine, and the greatest 
wavelength that could be recorded was 10024 A. 
ln 1934 “Xenoevanine Plates” prepared by the 
Mastman Kodak Co. permitted an extension of the 
ufrared recording of Ast lines to 10888 A, and in 
1940 Eastman I-Z plates were used to explore this 
spectrum to 12500 A. No As1 lines were recorded 
bevond 11680 A, but this wavelength is more than 
1000 A greater than the limit observed radiometrically 

Randall [9] in 1911. 


The light sources, spectrographs, and standard 


wavelengths employed in observing the infrared, 
visible, and air-transparent ultraviolet As 1 spectrum 
were described in detail by Meggers and deBruin {1}. 

A number of visible lines not previously noted in 
the are spectrum of arsenic and not identifiable with 
impurities were observed in 1929 [1], but few details 
were given because no structural connection was 
found between the visible lines and the invisible 
ones. Such a connection was first found in 1932 by 
deBruin,®’ who saw that some of the visible jines 
exhibited the same wave-number differences as some 
infrared ones. At that time it was not possible to 
classify and interpret all the visible lines, but this was 
facilitated by the more recent extensions of the 
infrared data. 

The most important improvements of As1 data 
were made in the extreme ultraviolet, from are 
spectrograms exposed at Princeton University and 
measured at the National Bureau of Standards. 
The spectrograms were made with a normal inci- 
dence vacuum spectrograph having a 2 m-radius 
glass grating ruled 30,000 lines per inch. The dis- 
persion is 4.2 A/mm and the definition and resolving 
power are excellent, but Rowland ghosts are prom- 
inent on strong exposures. All the identified ghosts 
contributed to determinations of the wavelengths of 
their respective parent lines. 

Our first attempt to observe the short waves of the 
As 1 spectrum was made in 1940 with electrodes of 25 
percent As and 75 percent Cu prepared in the Metal- 
lurgy Division of this Bureau. Four spectrograms 
were measured relative to copper standards, but only 
100 As 1 lines were found between 1995.43 and 1472.38 
A. Beeause the arsenic spectrum could not be fully 
developed with this alloy without greatly over- 
exposing the copper spectra, additional spectrograms 
were made in 1949 with metallic arsenic in a cupped 
carbon electrode opposite a copper electrode. These 
were highly satisfactory for the final description of 
the As I spectrum to its ultraviolet limit near 1400 A; 
after eliminating lines due to As 1, impurities, and 
ghosts, they vie ‘Ided 168 Ast lines between 1995.43 
and 1407.34 A. These wavelengths were measured 
relative to Cur and Cu rm lines given in Shenstone’s 
papers [10] supplemented by carbon, nitrogen, and 
oxygen “impurity” lines recommended as tentative 
standards by Boyee and Robinson [11]. All except 
the weak lines were measured on six or seven spectro- 
grams, and the agreement between determinations, 
as well as the agreement between values observed 
and calculated from atomic-energy levels, prove that 
the probable error rarely exceeds +0.01 A. The 
complete list of observed lines was compared with the 
Table of Principal Lines of all Elements [12] for the 
purpose of identifying possible impurities, and the 
ultraviolet portion was also compared with a de- 
scription by Rao [13] of the first spark spectrum of 
arsenic for the purpose of eliminating about 10 As 1 
lines that appeared in the are spectrum, 

Measured wavelengths and estimated intensities 
of 330 lines characteristic of neutral arsenic atoms are 


Communicated by T. L. deBruin to W. F, Meggers in a note dated Feb. 27, 
1432 
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presented in the first and second columns, respec- lines in limited regions of spectra and obviow |y de. 
tively, of table 1. The wavelengths greater than cline rapidly beyond 11000A as photos aphic 
2000 A are valid for standard air; those smaller than sensitivity decreases for increasing waveleng In 
2000 A are vacuum values. The intensity numbers addition to intensity, the character of certai:: lines 
are assigned from visual comparisons of the black- is indicated by symbols: R=—wide self-revers,|, - 
ness and width of slit images on the most strongly narrow self-reversal, h=hazy, e=observed a) elec. 
exposed spectrograms; they are comparable only for — trode. 


TaABLe 1. First spectrum of arsenic (As 1) 




















Obs Obs. — 
} Wave No. Cale. d air —e Wave No. Cale. 
X sit Inte nsity, vac Wave | Term combination A Inte nsity, vac Wave | Term combination 
A character em No character cm No 
0.1 em 0.1 em 
1 2 } 4 5 1 2 3 i 5 
11679. 9 3 S550. 37 TSO3. 43 ‘ 12713. 41 0 Se *Pyg—Sp iP 
11520, 9 10 S77. 54 0 5a *Pyy—Sp *Phy 7820. 82 2 12768. 17 +1 5p *Dh,— 4d" *Dy 
11377.1 ‘ STAT. 19 +1 Sa *P—Sp *D§ TH48. 15 2 13071. 46 
11244. 5 Ww SS). 7O +1 5s *Pos—Sp ‘Ph, 7410. 02 s 13491. 53 +1 5p *Dhs—75176 
LOSS, S2 » GIS1. 22 1 5s *Pig—Sp *Ding 7384. 07 lo 13537. 29 
LOS08. 11 w 9248.78 0 58 *Prg—Sp *Ding T3M4. 62 10 13537. 04 
LO7OS. 37 s G22. 42 0 58 *Pos—Sp *Ping H338. 04 a 15771. 16 1 5s? Pio —Sp’ Ds 
LOTSO. 36 5 9273. 59 0 5a’ 2 Dy — Sp"? Ding? 6176. 6S 1 1618S. 46 
10614. OF a”) O418. 87 +1 Se iP 5 Sp Dix 6049 is Sh 16525, 78 +1 Sa 2P, ,—tp ‘Ds 
“o”* 10575. 02 100 453. 65 0 58? Pig —Sp Aig S815. 40 2h 17190. 97 +1 5e?Py—Sp’ Pr 
- 
> 10490. 29 2h W530. 02 5h 17380. 90 1 5s ?Po,—6p *D 
o- 10477. 20 ‘ O41. 83 0 58” Dis —Sp? Diy 2h 17418. IS 
~ 10455. 64 » one) oO 0 ia’ 2Da,- Sp’ Dh, 3 18063. S57 +1 5a 2P, ty —6p 2Sin, 
o. 10453. 09 100 O63. 0 58 *Pis—Sp ?Dhg cae ro : sate + ( Se tt I 
. day 0 5 05. 3 ) 5a? Pp, —tp Pe 
. 10445. 6 th O570. 84 +2 Sp *Din— 4d’ PPy 
L. 10325. 74 10 OSL. SS +1 58 (Dy. —fip ‘Dig 5451. 32 10 18339. 10 0 58 ?Ppy—fip *Dixg 
-. . . o70l § ay 31. 8 ; 5422. 66 : 28 0: 
o.! 10386 ss 64) ois 4 ° ‘he Psp Pe " 3408 13 100 18488 3 —2 5a Py fip?Dp 
o> 10024. O4 400 9973. 30 0 5e *Pao—Sp *Diy 5363. 54 Ho 18639. 23 —3 58 *Piug—6p?P 
«” ; 10 18647. 65 
x 10010. 63 100 OSH. 65 0 58” 2Ding—Sp’ oF 
c G000. ST 5 10006. 40 0 58” 2-Day —Sp’ lh 18660. 53 1 5a ?Pos—5p’ 2Ping 
e923. 05 no 10074. 78 0 58 *Pyus—Sp 5 ISTOS. 16 +1 58 ?Poa,—Sp’ Pin 
> ‘ ; 200 10082. 24 —1 59? Pic—Sp 5 19180. 65 
- a 
- ga00. 55 150 10087. 6s 0 5s *Po,—Sp wv 19187. 68 0 Sa *Pos—6p (Pi, 
| 1 19211. 24 0 5s *Pus—Sp’ °F hy 
~= GRSH. 05 100 1o1l2. 49 0 58’ "Dag —Sp’ °F 
. 69.5 2 10129. 5 — 5196. 20 50 19239. 49 0 Se (Py —6p *Phy 
“ GR50. 4 l 10149. 1 5141. 63 100 19443. 68 0 Sa (Pa, —6p (D 
S33. 76 300 10166. 26 +1 St Pos —Sp Diy 5130. 78 0 19484. 80 +1 58 ?Pa,—Gp Sh, 
wv. O781. 32 30 10220. 77 5121. 34 100 19520. 72 =} Se (Pus —6p (Diy 
{ 5105, 55 30 Cu” 19581. 09 0 58 {Pas—6p (Di, 
iM 0772. OS 7 10230. 43 5103. 53 2 1G5SS. 84 l 58 *Pyy—6p 2Siy 
. 9721.8 1 10283. 3 
r~ W714. 64 10 10290. 92 5009. 50 60 19603. 97 0 5a Pao —6p (Phy 
} OH90. SS 10 10316. 20 +2 58” (Dox —bp *Dhy 5083. 76 10 19665, 02 0 58 *Pog—6p 2 Ping 
> 4. 10 1034. 98 5068. OS 100 19722. 35 0 5s 4Po,—6p ‘Shr, 
. 5043. 31 eT) 19822. 74 ~1 5 *Pos—6p (Dix, 
{ : 2 10361. 04 4995. 83 8 20011. 13 —1 58 *Pp,—bp Dix 
Wo $ LO +1 58° *Diss—6p *Sing — ; ras . i 
“ { 400 10384. G3 0 Sa *Pas—Sp + Phy 4987. 02 6h 20046. 48 0 58 *P»,—6p * Diy 
> 9597. 95 300 10416. 04 —1 5s *Pic—Sp *Phy 4952. 56 10 20185. 06 0 Ss *Pus—5p’ 2Phg 
~> 910.9 3 10511. 4 0 58? Pos —Sp Sing 1919. 49 2 20321. 65 +1 58 §Pps—Sp’ Pin 
... 4910. 23 10h 203.59. YS 
s+ 9300. 61 250 10749. 04 -1 5s *Pag—Sp Shy 4873. 78 2h 20512. 24 
~ PA 
— s — f —l 5a *Prg—Sp *Phig 
9267. 28 1) LO7S87. 70 , +11 (Sa’ 2Di.—6p Di.) 4785. 27 Sh 20801. 64 al Ss (Py, —6p ‘PS 
9165. 6 3 Cu? 10007. 4 ; 4777. 02 1h 20027. 72 +1 Sa (Po —bp 2Di., 
9OLM4. 78 nw 10044. 17 0 Se *Prig—Sp Ding 4758. 28 Sh 21010. 14 0 58 4Pig—6p ‘Shy 
9120, 32 10 10061. 52 +1 58° 2Diy—Sp’ 2 Ping 4622. 82 th 21625. 78 
4621. 27 4h 21633. 03 
9027.8 2 11073. 9 
G008. G5 2 11007. 02 +1 5a” 2 Dig — Sp’ Ping 4355. 39 10h 22943. 63 
R08. 05 2» 11116, 65 —1 58 2Day—Sp’ ? Phy 4342.05 10h 23024. 15 
SUS0. 13 5 11192. 64 3 5p *Dig— 4d" * Pay 4336. 15 Sh 23055. 47 
SU35. 56 50 LLISS. 17 0 58 *Pousg—Sp *Phy 4320.12 3h 23141. 02 
4313. 16 th 23178. 36 
SA74.8 2h 11264. 8 —2 5p *Dig— 4d’ *Pig , on ‘ ans i. 
RNY. 66 100 11271. 30 0 5¢ #Png—Sp 2Di 4301. 56 SAL 23240. 87 Pa hy a 
S821. 73 150 11332. 41 —1 5s *Pou—Sp Phas 3119. 60 aw ~s 4p? ?Pins— Se *Pors 
pris ra feiP.. en 2p 3075. 32 2 —2 4p) 2Pig—5Sa *Poe, 
M414 100 11551. 99 0 58? Pos —Sp PPh, cot ag a eo x 
8646. 03 3 1142. 83 3082. 85 w) 0 4p? ?Pi,— Se ‘Pry 
, i“ 2090. 99 20 1 4p? *Ping— 58 tPiry 
R471 100 11672 62 0 58 *Pis—Sp *Phig 2918. 82 2 342%). 4 0 4p 2Phy,—5e (Pays 
ogy 50 Hteog ey 0 58 *Poxs—5p ‘Ping 2898. 71 Sor 34488. 0 of 4p? 2Pi,—5e Po, 
== 5 Sz 2860. 44 100r 34049. 4 -t 4p? ?Ping—5s 2P os 
S428. 01 100 11860. 66 +1 58 *Poy—Sp ? Dig 2780. 22 200r 35057.8 0 ‘> 2P hs, he 2P ig 
Sa54. 84 10 11065. 82 0 58” *Diyg—6p ?Piag 2745. 00 50r 36419. 1 = 4p? ?Ping—Ss 2Piyg 
S305. 61 MO 120%, 75 0 5s *Pig—Ap Sing 2492. 91 i) 40101. 7 +4 4p? 2 Din, — 5a fPays 
$242.15 Po) 12128. 43 0 5s’ 2Das—6p 2 Diy 2456 53 200r 400695 5 —1 4p ?Dirs 5s ‘Pus 
8055. 72 5h 12410. 13 +1 5a’ *Diss—6p *Piss 2437 23 50 $1017 ; 0 ip *Dinn—Se yA 
S295 8 12429. 83 0 58 *Das—fip Phy 2381. 18 150r 41983. 2 —1 4p? Dis — 5s My 
7960. 27 30 12558. 04 —1 5s *Piy—Sp * Dh, 2370. 77 100r 42167. ! 4p? ?P in, —58’ *Das, 
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TaBLe 1. First spectrum of arsenic (As 1)——Continued 
































' ce - 
iphic 
In Obs. — - Obs. — 
nt Wave No. Cale —— Wave No. Cale 
lines A aie y mer vae Wave | Term combination a my masons, vac. Wave | Term combination 
: 4 character com No character em-! No. 
1.0 em 0.1 em=! 
elec. - - — 
1 2 3 4 5 1 2 3 4 5 
SOr 42187. 1 2 4p? *Pin—Se’ *Diy 1s44. 57 0 54213. 2 -1 
10 42305, 2 2 ip? 2 Di, —5s (Pm, 1844. 36 40 +3 
HOR 42543. 0 —1 4p) Di, —Se?P 1840. 48 10 +3 
SO 42648. 5 —2 4p) Pin, —58” 2Diy 1831.74 30 0 
HOR 43690. 5 2 4p) ?Diy—5a Pig 1831. 30 it) +7 
2271. 36 iw) 44012.8 0 1p? Di, —SetP, 2 54905, 2 +3 ip)? Di, —4ptrr. 
2266. 70 25 44103. 3 —3 4p® ?Pin—4d (Pa, 5h 54987. 7 +2 ip? ?P)., — 73635 
2228. 66 20 44856.0 1 ip)? Pi, —4d fP, 10 55044. 3 
2205. 97 15 45317. 4 1 ipeP 4d *P i, 200 55366. 4 0 4p) Sh, —4pt Py 
2205. 16 10 45334. 0 2 ip) Pin, —4d Pay 
1803. 46 10h +1 4p) Ping — 73635 
2198. 34 5 45474. 6 +1 4p) 2Ph,—4d 2Pos 1801. 92 3 +1 4p? 2P i, —74143 
2187. 75 5 45604. 7 —2 4p) ?P 4d°D 1790. 51 2 +1 47° 2 Dh, —4d Pig 
2182.04 20 5 1 ip) ?Pin, —4d (Pay 1798. 61 9 
2176. 26 5 0 4p? ?Pin,—4d 2P 1791. 77 0 1 ip) 'D) 4d 2 Dy, 
2165. 52 150 2 ip? *Pin—4pt?P, 
1780. 85 1) 0 ip? ?*Diy—4d °F 
2144. 08 100 —1 ip? ?Ph,—4pt'P 1789. 14 15 +1 ip) *Dix—4d 2P 
2142. 80 2 1787. 07 6 2 4p’ ?Pin, 741438 
2133. 80 w) 0 4p? 2 Pi, —4pt *Pe 1785, 84 3 +3 ip? Di, —4ptes 
2112.99 100 0 sph eP 4p* ?Poay ITAL. 48 “) +2 ipeb 4d?) 
2089. 74 6 47837. 6 —1 ip? 2Pin,—4d *Pig 
50 56163. 4 +4 per 4d°"?D 
2085. 25 30 47040. 6 2 4p) 2Ph, —4pt Bory 2 W334. 2 
2079. 30 7 48077. 7 2 ip’? Pi, -—4d 2D 8 416. 2 0 ipeb 6s *Poy 
2060. 78 30 48208. 8 3 ip) ?Pi,—4d?P 2 W438. 5 0 4p? 2 Pi, — 75086 
27. 11 2 48361. 2 0 $p)?P 6s (Po, 1768. 97 5 5530. 1 +12 4p? 2 Pin, — 75176" 
WHS. 36 MO 48402. 2 0 ip 2p iptes 
6e,h? 5H562. 0 
awl. 61 3 458490. 2 100 S6S63. 6 0 ip ts 
2047. 57 MM) 48822. 6 0 ip’ ?Pi,—6s (P 4 56900. 0 +1 ip ip 
W228. 86 2 49272. 8 +1 4ipp?P 6s (P 2h 56931. 1 —1 4p) ?Pi—7 
2024. 34 5 49382. 8 10 57005. 7 +1 ip) ?Dh, —6s (P 
13. 32 10 49653. 1 0 ip: 2 Ph, —4pt?D, 
1750). 37 2 S 
Wi2. 76 15 9 —1 4p? Pi, —bs OP 1749. 72 le,h 20 +1 4p) ?Pi.,— 75790 
2010. 04 20 0 aa! ip)? Pin, fe (Py 1745. 0 l 4 
2000. 19 100r 5.1 l 1p) ?Pi,—4pt?D 1742. 59 10 5.8 —2 ip? *Dis—4pt?D 
203. 34 300r 4 0 4p? 2 Dh, — 58’ 7 Dy 1741. 28 10 0 +3 4p)? Pi, — 76076 
2002. 54 20 3 1 4p) ?Ding— 58” 2D, 
vac 3 6 
1995. 43 100r 5 0 ip) ?Pi,—4pt?D 60 cn. 2 4,2? Diy—4pt? Ds 
1994. 80 20 3 -1 4p) ?Pin,—6e 2 P \ 0 4p) Sin —4pt (Pog 
1991. 13 100r 7 +2 4p) 2Dyy Sse’ 2D 3 6 +3 4p) 2? Pm, —75700 
1900. 35 200r 4 +1 4p? 2? Diy—Ss’ 2D, 30 0 4p? ?* Di, —4pt Dig 
1973. 65 3 5 +2 ip? ? Ph, —6s (P i 30 1 +1 4p® 2)j., —68 *Poay 
1972. 62 1000R wed. 0 +2 4p? Si — Se *Poag 1720. 80 30 2 0 4p) 2 Diy —4pt * Dax 
1960.89 2 O07. 2 1 ip) ?P).,— 60644 727. 38 4 1 +10 4p’ *Ping 76076? 
1958. 91 407 SIO S +1 4p) 2P ing —Gs PP iy 1724. 77 7 7 
1958, 82 wD 5IOS1L. 1 +3 4p) Pi, — 69608 7 46 5 
1950. 38 2 §1272.1 1 6 +5 4p® ? Pi), — 76835 
1943. 30 2 51458. 9 +2 ip! ?Phy—60644 1712. 32 10 58400. 3 +1 ip? Dh, —6s (Pa, 
1941. 36 5 51510. 3 +2 4p) ?Ping—6s 2Pig 1710. 16 Th 58474. 1 ~1 4p? ?Pi,-77121 
1937. 59 LOR 5I6LO. 4 +2 4p’ *Siug—5e *P iy 1709. 26 2h 58504. 8 
1929. 14 3 51836. 6 +1 ip) ?Di,—4d *P2», 1709. 03 2 58512. 7 
1928. 30 l 5IR5Y. 2 1705. 74 4 58625. 6 +H 4p) ?Ph.,—77272 
1919. 72 l 92000. 9 1702. 94 3 58722.0 3 ip??b at? 
1918. 39 3 52127.0 1701. 22 11) SSTS1. 3 —3 > 
1917. 21 20 52159. 1 +5 tp) 2 Din —4d *Pay 1701. 16 15 5SS7S3. 4 —3 
1008. 13 1 52407. 3 4 4p? ?P).,—71055 1601. 87 7 59106, 2 +4 4p) 2D), — 6060s 
1902. 31 6 52567. 7 1687. 12 Be 59272. 6 
1901. 54 5 0 ip? ?Dh,—4d §Piy 1684. 63 Qe 59360. 2 
IS9L. 47 5 —2 4p® *Ping —71055 1681. 47 1 59471.8 
1890. 42 200F +3 4p) Sy, —Ss *P a, 1679.14 2 i 4.3 
IS8Y. 05 5 +3 1p) Din 4d *Pr, 1674. 59 3 59716. 1 
ISS1. 06 0 +5 4p) Si, — 5s *Pay 1671. 88 2 59812. 9 
1876. 9S 2 53277. 1 +2 4p) 2Phi,—4d’ *Poy 1670. 79 4 5OR51. 9 
1873. 02 40 533s9. 6 +4 4p)? Di, —4d tPay 1670.12 2 59875. 9 
1871. 68 30 53427.9 +1 1p)? Dn, —4d 2 Dy 1662. 76 2 HOL41.0 +4 4p? ?D) 
IS71. 14 2 53443. 4 1653. 92 4 60462. 4 3 ip)?bD 
1869. 04 15 53477. 6 +1 4p? ?Ph,— 4d’ 2 Ping 1649. 55 2 60622. 6 
1865. 10 8 1644. 33 5 60815. 0 0 423 *Sj.,—5s" Day 
ISAO. &T 5 0 1643. 79 2 60835. 0 +2 4p' Si, —58’ Dig 
1860. 46 SO +2 1633. 71 5 61210. 4 0 ip)? Dh, —4d 2 Pig 
1860. 40 Pi) 0 1630. 48 4 61331.6 3 ipp?b 4d’ ?P 
1856. 24 2 +4 1625. 17 1 61532. 0 -5 ip ?Dh,—4d" 2 P 
1855. 39 10 53807. 0 +1 1623. 26 2 61604. 4 —4 4p’ ?*Dh,—7T2519 
1853. 95 3 53938. 9 0 1620. 94 5 61692. 6 
1853. 21 2 53960. 4 1616. 44 6 61864. 5 +1 4p) 2D T2779 
ISSO). 24 a 54047.0 10 ip) ?2Dy,—4d 2 F, 1614. 82 5 61926. 5 -4 ip)? Di), 72519 
1847. 32 10 54132.5 +0 ip) ?Pi- 7 1612. 57 + 620128 
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TaBLe |. First spectrum of arsenic (As 1)—Continued 








Obs 
Wave No Cale 

° = ne. vac Wave | Term combination 

=e em No 

0.1 em= 
l 2 3 4 5 

1808. OF $ 62186. 3 2 4p? *Dixg— 72779 
1507. 48 2 62508. 6 
1506. 13 2 62651.5 | +1 | 4p) ?Dhy—73506 
1504. 39 le 62719. 9 5 1p? 2 Dh —73635 
1593. 60 100R 62751. 0 1 ip? Sing — 4d *P ng 
1587. 07 » 62973. 5 0 4p? * Di —73566 
1583. 00 2 63135. 3 +2 4p)? Dh — 74049 
1575. 87 2 63457. 0 2 tp? 21), — 74049 
1574.72 30r 63503. 4 2 | 4p) Sig—4d *Piy 
1573. 85 PT) 63538. 5 0 4p? ?Di,—4d" ?D 

leh A3605. 5 | 

15 (S841. 1 

7 63805. 7 2 ip? ?)i,—4d"" 2D 

10 C3981. 6 1 ip? Sin —4d *Pm, 
1559. 53 ‘ 64121.9 1 ip? Sin —4d 2Po, 
1550. 48 ‘ M1241 
1558. 28 id+Cu” M173. 3 
1557. 20 wu) (4217.8 2 ip) Di —4d" 2D, 
15. 14 TD 4261. 6 2 ip) 2Dhy—75176 
154. 19 ' 4342.2 2 ip? (Si —4d 27D, 
147. 58 ; 4616.6 
1546. 45 2 i464. 2 +1 ip? ?*Dhy—75578 
142 44 ' 4811.3 2 ip? Sin sip 
1538. 70 2 (410865. 1 1 ip? Dig 
1534. 65 ‘ 65161. 4 2 ip)? Dh, —7H076 
1533. 67 ; 65203. 1 
1533. 60 $ 652060 9 ip? 2? Diu —75700" 
1526. 78 2 65497. 3 1 ip? Si, —4pt ?Pay 
1521. 81 le H45711.2 
1518. 10 le 65871.8 


Ill. Analysis of the First Spectrum of Arsenic 


The above-described efforts to obtain a better 
description of the Asi spectrum were made pri- 
marily for the purpose of establishing atomic energy 
levels characteristic of neutral arsenic atoms and to 
determine the spectroscopic ionization potential. 


1. Observed As1 Lines 


The first two columns of table 1 contain the ob- 
servational material upon which a new analysis is 
based, but as atomic energy levels are directly pro- 
portional to frequencies or wave numbers, the wave- 
lengths in column | were converted to vacuum wave 
numbers in column 3. Wave lengths shorter than 
2000 A, being vacuum values, were converted to 
vacuum wave numbers by calculating the reciprocals 
[14] of the observed wavelengths. Vacuum wave 
numbers for lines between 2000 and 10000 A were 
taken directly from Kayser’s Table of Wave Num- 
bers [15], but for lines of greater wavelength the 
values were obtained by computing the reciprocals 
of the wavelengths after correcting them to vacuum 
with the aid of the atmospheric dispersion formula of 
Meggers and Peters [16]. 

The first regularities among arsenic lines were 
discovered in 1894 by Kayser and Runge [17], who 
found 20 ultraviolet lines to be connected by wave- 
number differences of 461 and 8058. Thirty vears 
later, another significant wave-number difference was 
found by Ruark, et al. [3], and in 1927 McLennan 


Obs. — 
Wave No Cale. 
A wae Intensity, tool lave Te . ati 
X ghamater vac Wave Term combination 
em No. 
0.1 em- 
l 2 ; 4 J 
1516. 7 le 65920. 9 ~1 4p® *Dh, — 76835 
1515. 48 anh 65985. 7 
1510. 70 ih HH194. 5 
1510. 41 th 6207.2 +1 4p? ?* Dh, —77121 
1508. 70 3 H6238. 3 
1509. 60 3 (242.7 ‘ 4p) 2D) iy — 76835 
1506. 99 2 66357. 4 5 4p * Diy —77272 
154. 09 2 W485. 4 +2 ip® Si —4d?P, 
1503. 47 leh MHi512.8 
1492. 81 le (6087S 
1492. 34 ‘ 67008. 9 +2 ip? Si, —6s *P a, 
1484. 36 wh 67369. 1 
1472. 32 ‘ 67920.0 2 ip? {Sh —fis Py 
1470. 00 te “so23. 0 
1468. 42 le Oslo. 4 
1464. 10 ze 68301. 1 +5 1p? Sin —4pt * Dy, 
1461. 92 seg” 68403. 0 +3 4p §Siy—4pt Dy 
1442. 64 5 69315.0 +2 ip) 'Si, —fs (P 
1434. 77 se 69607. 6 7 ip? Sh, — 6060s 
1434. 06 leh 69702. 9 
1422. 05 2eh T0276. 5 
1412. 95 2eh 70773. 9 
1407. 34 ze 71056. 0 


and MecLay [18] interpreted these constant differ 
ences as intervals between fiv* low-energy odd levels 
namely ‘Six, "Diy, *D3,, *Piy, *Pix, arising from 
the electron configuration 4s8*4p*. Naturally, the 
separations of these five levels were exploited in each 
subsequent attempt to extend the analysis of the 
Ast spectrum; they have accounted for most of the 
observed ultraviolet lines and coincidentally dis- 
closed a considerable number of high-energy even 
levels, the lowest of which are important for the 
classification of visible and infrared lines, thus reveal- 
ing other high-energy odd levels. In the present 
instance, the separations of the five lowest odd levels 
(0.0, 10592.5, 10914.6, 18186.1, 18647.5 em~'), when 
applied to the wave numbers of ultraviolet As 1 lines, 
yielded about 50 even levels (50693.8 to 772725 
em”'), and the separations of seven lowest even 
levels (50693.8, 51610.2, 52897.9, 53135.6, 54605.5, 
60815.0, 60834.8 em~'), when applied to the wave 
numbers of visible and infrared lines, led to some 25 
high-energy odd levels (60791.5 to 73244.8 em 
It is seen that the latter set of odd bevels is complete!) 
interlaced and surrounded by the even levels with 
which they combine. Consequently, only fringe 
combinations of these odd and even levels have been 
observed, and a considerable number of permitted 
combinations must exist in the unexplored infrared 
The inner quantum number (J-value) assigned te 
each level was originally based on the assumption 
that the first five odd levels have J-values 
1's, 24%, O4, 1%, respectively. These and the value: 
for four even levels were verified ino 193!) )) 
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Zeeman patterns observed by Green and Barrows 
x}. Because all Ast levels of unlike iy are 
permitted to combine if their J-values differ by 0 
or by +1, the J-values of new levels are usually 
fixed unambiguously by the observed combinations, 
but there are still a few high levels whose J-values 
ire uncertain by one unit. 

After establishing a large number of atomic energy 
levels, mostly with definite J-values, the next ambi- 
(ion was to group and interpret these as spectral 
terms characteristic of various configurations of the 
valence electrons. Aside from eight levels identified 
by Zeeman effect, the remainder could be grouped 
and named only by applying interval and intensity 
rules and by comparison with analogous spectra of 
other elements, in particular with the Nui [19], 
P1 [19], and Seu [20] spectra, which were not well 
known 20 years ago. This procedure consumed all 
the established As1 levels except a few very high 
ones, Which are retained as “miscellaneous levels” 
because they may represent fragments of terms ap- 
proaching the ionization limit. At this stage it 
was possible to discard some false levels involving 


TABLE 2. 


7" Desig ip? Sin 1pP Dh 
Desig Level 0.0 10914. 6 

474 *Pay 55306. 4 55366. 4 (200) 
4p* *Ping 56863. 6 56863. 6 (L100) 
4p* *Pos 57488. 1 "57488. 1 (60) 
tpt Dy 684027 68403. 0 (Seg) *57488. 1 (60) 
Apt Diss 68300. 6 68301. 1 (2e) 57385. 8 (10) 
4p*?*Piy OILS 4811.3 (4) 53897.0 (10 
ipt ?Po, 65497. 4 65497. 3 (2) 
Apt So, 66588. 3 
5s *P ing 52897.9 52898. 2 (2000) 41983. 2 (150r 
5a *Piy 51610. 2 51610. 4 (1500R) 40695. 5 (200r 
5a *Poy 50693. 8 50694. 0 (L000R) 
Se ?Pig MOOS. 3 54606. 0 (50 43600. 5 (S00R 
58 * Posy 53135. 6 53136. 1 (40) 
58” *Dasg HOS15. 0 60815.0 (5) 49900. 4 (300r) 
5a’ Dias 60834. 8 60835. 0 (2) 49920. 3 (20) 
is’” *Sorg 72300. 4 
6s *Poy 69314.8 69315. 0 (5) 58400. 3 (10) 
te *Piy 67920. 2 67920. 0 (4) 57005. 7 (10 
tis *Poy 67008. 7 67008. 9 (4) 
tiv *Ping H9696. 2 SSTSL. 3 (30) 
6s "Poy 68314. 5 
fd *P a, 62751. 1 62751. 0 (LOOR) 51836. 6 (3) 
dd *P ig 63.503. 6 63508. 4 (30r) 52589. 0 (5) 
dd *Po, 63081. 7 63981. 6 (10) 
id ? Fy, (0785. 2 55870. 6 (50) 
4d Fay 4639. 5 
dd * Day O67 25. 4 55810. 7 (40 
4d * Diy “342.4 Ma224 53427. 9 (30 
id ? Pig 66485. 2 W485. 4 (2 55570. 7 (2 
4d? Poy M122.0 4121.9 (4) 
id’ Pig 72125. 0 H1210.4.05 
id’ ?Po, 719244 
id” *Daw 7453. 1 63588. 5 (60 
id” * Diy T4HS10. 6 8895.7 (7 
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doubly classified lines, and also to add some levels 
resting on a single combination, as for example those 
with J-value 3%. For fixing the latter, strong 
lines, otherwise unclassified, were usually found in 
their expected places. 


2. As 1 Multiplets 


As a check on the consistency and plausibility of 
spectral term designations, the square arrays of con- 
secutive level combinations were rewritten to display 
Asi multiplets and electron configurations so that 
level separations and line intensities could be easily 
seen. These combinations, grouped into multiplets, 
are presented in table 2 (ultraviolet) and table 3 (in- 
frared and visible). All of the observed combinations 
are included in these tables except three that account 
for five lines due to transitions from 5p *D® to higher 
levels. From tables 2 and 3 stem the “Term com- 
bination” entered in column 5 of table 1 for each 
classified As 1 line, and also the difference between 
observed and caleulated wave number shown in 
column 4 of table 1. 


As 1 combination of odd and even terms 


pe Dh, 4p ' Pin 1p) Py 
10592. § 8047.5 1sise i 
ST7S10. 2 (30) 49755. 1 (100r) 
57708. 1 (30) 49653. 1 (100) 50114. 5 (100r) 
219. 3 (40) 46163. 8 (150) 46625. 3 (100) 
54905. 2 (2) 46849. 9 (50) 47311.3 (100) 
55996. 1 (3) 47940. 6 (30) 48402. 2 (50) 
42305. 2 (10) 34250. 4 (2) 
41017.7 (50 32962. 7 (40 33424. 0 (20 
40101. 7 (50) 32046. 1 (50 32507. 5 (20) 
44012.8 (50) 35957. 8 (200r) 30419. 1 (50r) 
42543. 0 (500R) 34488. 0 (50r) 34949. 4 (100r) 
4222.7 (100r) 42167. 5 (100r) 
M242. 4 (200r) 42187. 1 (80r 42648. 5 (50) 
58751. 9 (80) 54213. 2 (40) 
58722.0 (3 S87. 5 (3) 
49272.8 (2 49734. 0 (20) 
MAI. 2 (8) 48361. 2 (20) 48822. 6 (50) 
51048. 8 (40r) 51510. 3 (5) 
7722.1 (30 40608. 9 (15) SOLIS. 3 (20 
52159. 1 (20) 44103. 3 (25) 
52011. 4 (5) 44856. 0 (20) 45317.4 (15 
53389. 6 (40) 45334. 0 (10) 45795. 5 (20 


54047. 0 (40) 


48077. 7 (7) 
45004. 7 (5) 


56133. 1 (50 
53750. 1 (80) 


5892.8 (15) 47837. 6 (6) 48298. 8 (30 

4474.65 45035. 9 (5 
61582.0 (1) 53477. 6 (15) 58938. 9 (3) 
O1SSL. 6 (4) 58277.1 (2 S738. 3 (5) 
4217.8 (30 5168. 4 (50 


TABLE 2 As 1 combination of odd and even terms—Continued 


Desig 4p’ Sig 4p)? Dh, 4p) Di, 4p) ?Phy, 4p? 'Ph, 
Level 0.0 10914.6 10592. 5 18647.5 18186. 1 


H0O44. 8 O97. 2 (: 51458. 9 (2e) 
69697. 6 (e) SSTS3. 4 (15) SO106. : 51051 ; 

so14i.0 (2) nwo4ae2 52407. 52868. 9 (5) 

‘ 6164. 4 (2) 61926. 5 53872. ) 54333. 6 (10) 

79.0 61864. 5 (6) 62186. 3 M132. ! 54592. 9 (30) 


$ 
2 
‘ 


62651. 5 (2) 62973. ! 
62719.9 J 54087. 7 55449. 0 (10h) 
63135. 3 (2) 3457. 0 (20) 
S496 q 55957. 5 (6) 
Mas! 56900. 0 (4) 


t4zpl ) 156530 
HHA. 2 ( HAWs6, S31 

65206. 57152. 57613. 6 (3) 
O516L. 4 (4) 57429. 57891. 1 C4)” 
5020.9 (le) tide SS 18s 
(6207.2 (6h saya 
(6357. 4 (2) 58625. 


*Blend 
tBlend with As u”’ 


Taste 3. As 1 Combinations of even and odd terms 


Desig Se *Paxg 5s *Puss 5s *Po, 5s ?Pisy 5a 2Poss 5a’ 2Dany Se’ *Disy 
Level 52807. 9 51610. 2 50603. 5 54605. 3 53135. 6 60815. 0 60834. S 


62871.2 WITS. 30 (400) 

#18850 S787. 19 (4 10074. 78 (400) 

60880. 0 9249. 78 (50) 10166, 26 (300) 
H0791. 5 9181. 22 (20) 10007. 68 (150) 


G3282.! 10384, 03 (400 11672. 62 (100) 54 (10) 

2398 10787. 70 (150) 11704. 20 (50) ¥2H2. 42 (Ss) 
2088 10416. 04 (300) 11332. 41 (150) S800. 79 C10 
3647 10749. 04 (250 12036. 75 (50) 10511. 4 (3) 


64169 11271. 30 (100) 12558. 04 (30) 9563. 93 (100) 
69554. 4 10944. 17 (50) 66 (100) O418. 87 (200) 


640876 10082. 24 (200) 11551. 99 (100) 
H4323 12713. 61 (4) 9718. 49 (50) 11188. 17 (50) 


64059 9453. 65 (100) 


70987. é 10112. 49 (100) 
T0821 24 (4) 10006, 40 (5) 9986. 65 (LOO) 


703878 8 16 (40) | 9561. 60 (20) 9541. 83 (4) 
TO10R. 4 9273. 59 (5) 


71931.7 20821. 65 (2) | 16 (5) 11116. 65 (20) 11097. 02 (2) 
TIT 20185. 96 (10) | 17190. 97 (2h) 53 (1A?) 10961. 52 (10) 





72341.6 19443. 68 (100) 
71131 19520. 72 (100) | 16525. 78 (5A) 10316, 20 (10) 
70516. 6 74 (50) - O701. 54 (5) OORT, BR C10) 


6p Ding | 708745 09 (30) Cu” 


Hip *Phs 72501. 5 19608. 97 20801. 4 (3k 
bp *Pix 708 49.7 19239. 49 (50) 
Hp *Phy 69881. 5 68 (20) 
bp Shy 72620. 3 19722. 35 (100 21010. 14 (5k) 19484. 80 (80) 
Diy 72944. 4 20046. 48 (6h) 18339. 10 (150) 12129. 43 (20) 


op 
71621. 4 20011. 13 (8) 2K 18485. 56 (100 (10786. 6) § 


6p *Dix 
18639. 23 (60) 12429. 83 (8) 12410. 13 (5A) 


6p 2Phy 73244.8 
18195. 31 (5) 19665. 02 (10) 11965. 82 (10) 


6p 2Pig TeR00. 6 
6p 2Sirg 71199.1 18063. 57 (3) 10364. 4 (3) 


§ Calculated wave numbers line masked 





TABLE 4. 


Electron 


> 
configuration Predicted 


4s? 4p? 
4s 4p* 
4p 2p 

(#2 4p? ns ‘Pep 


Dp 
28 


#s° (P° D®) 


‘P24S PD) 





bDb*) 8 


P° D®° F°) 
2p° 


4s? 4p’? np «8° P p° D°) 


“PD F) “PD F) 
71S PDFG) 
7D 


4s? 4p? nd 


3. As1 Spectral Terms 


Arsenic has atomie number 33, and the neutral 
atoms have electronic structure as follows: 1s? 2s? 2p* 
38° 3p® 3d" 48? 4p*. The first spectrum of arsenic 
arises from changes in atomic energy resulting from 
alterations of the principal quantum numbers and 
total momenta of the last-named five valence elec- 
trons. The theoretical spectral terms associated 
with various configurations of electrons [21] are 
listed in table 4. 

It was stated above that the empirically estab- 
lished atomic energy levels derived from analysis of 
the As spectrum occur in three groups (1) five odd 
levels of low energy content (including zero, the 
normal state), (2) about 50 even levels of higher 
energy, and (3) some 25 odd levels intermingled 
with group (2). That group | is identified with the 
normal configuration 4s? 4p* is verified by many 
experimental facts including line intensities, self- 
reversals, and Zeeman patterns. Group 2 arises in 
part from the configuration 4s 4p‘, which vields 
eight levels, *Parg, *Pis, *Pos, Sow, *Pax, *Pis, 7Dx,. 
"Das, all of which have been selected with the aid of 
analogous spectra as guides. The remainder of 
group 2 must be ascribed to 4s? 4p? ns and 4s? 4p? nd, 
whereas group 3 can originate only in 4s? 4p? np. 
There is, naturally, no difficulty about distinguishing 
even and odd levels, but the proper choice of even 
levels for terms due to ns and nd electrons added to 
is* 4p’ is complicated by overlapping of energies of 
the different electron configurations. These con- 
figurations give rise respectively to 8 and 28 levels, 
which converge toward five limits (*P», *P;, *P2, 'D», 
'S)) in the As ur spectrum when the running electron 
is removed by ionization. According to Rao [13], 
these levels in the As 1 spectrum have the following 
values in em~': °P,=0; §P,;=1063, *P, 2540, 'D,= 
10095, "Sp=22599. Guided by these intervals in 


—Asi predicted and observed terms 


Observed 


4p? 48°, 4p? °P°, 4p) 2D 
4p* *P, 4p* 2S, 4p*?P, apt? D 


5s *P; 68 P, Se ?P, 6? P 
Se’ 2D 
Se’ 28 


{5p #8°, 6p *S°, 5p *P°, 6p *P°, 5p *D°, 6p +D 
l5p °S°, 6p 28°, 5p ?P°, 6p ?P°, 5p ?D°, fp ?D 
5p’ ?P°, Sp’ *D°, Sp’ °F 


4d ‘*P, 4d ?P, 4d 21, 4d 2 
id’ ?r 


4d” 71D 


convergence limits, we have provisionally interpreted 
the observed Asi even levels as shown in table 4. 
Although the configuration 4s? 4p* vields only five 
levels, including the ground term of As 1, if the total 
quantum number is altered for one of the p electrons 
so that they are not all equivalent, the configuration 
produces no less than 21 levels, which converge also 
to the above mentioned five limits in Ast. Terms 
associated with 5p and 6p electrons have been 
identified, as indicated in table 4. Ten hazy lines 
from 4910.23 to 4301.56 A could not be classified; 
they may represent some leading combinations of 
terms arising from 7p electrons with those from 5s. 

Full particulars (except g values) regarding the 
now known terms of the As 1 spectrum are presented 
in table 5, where columns | to 5 contain (1) electron 
configuration (and convergence limit), (2) term 
designation, (3) level value (relative to 4p* ‘S),,=0.0, 
(4) intervals between levels of terms, and (5) combi- 
nations observed for each term. 


4. First Ionization Potential of Arsenic 


In 1942, before the ultraviolet portion of the As 1 
spectrum had been satisfactorily observed, an at- 
tempt was made to obtain a value of the effective 
quantum number of the 5s electron for As by com- 
paring the values of neighboring elements and thus 
arrive at an estimate of the ionization potential. 
The result was not published, but it will be given 
here because it adds credence to the value recently 
derived from spectral series. The effective quantum 
numbers, n*= R/T, corresponding to 5s in spectra 
of elements flanking As are shown in table 6. 

By interpolation, the 5s value of n* for Ast is 
found to be about 1.960. The corresponding term, 
T=R/n*, has a numerical value of 109737/(1.960)? 
28565, and if this is added to the wave number 50694 


of the resonance line (1972.62 A), a value of 79259 





Tasie 5. Terms of the Asi spectrum 


Electron Term Level Interval 


Combinations 
configuration designation em em 


fip* *P, Se *P, 6s *P, 4d *P, 4pt?P, 58 ?P, 4d ?P, 4pt?D, 

| Se *D, 4d 2D, 60608 

Ss ‘P, 6s *P, 4d *P, 4p* 2S, 4pt ?P, 5e?P, 6s ?P, 4d?P, 

| id’ *P, 4p* 2D, Ss’ 7D, 4d *D, 4d” *D, 4d 7F, 69698, 

7 519, \ Mi, 7: 74049, 75176, 75578, 

5799, 76076, 76835, 77121, 77272 

5s *P, 6s *P, 4d *P, 4p* 2S, 58’ 2S, 4p ?*P, 5s *P, 68 ?P, 

| id ?P, 4d’ ?P, 4p* 2D, 58” 2D, 4d 7D, 4d’ 2D, 60644, 
HEE 71055, 72519, 72779, 73635, 74143, T5086, 75176, 

| 76, 76835, 77121, 77272 


10592. 5 


10914 P | 7 


lala 


18647 


he *Poag SOUS j*p? 4S°, Sp #S°, 6p *S°, 5p *P 
ce (P SiG. : > 6p 28°, 4p? 2P°, Sp 2P°, 
Se * Pov 52807 ‘ | fp ?D°, 5p’ ?F 


, 6p *P°, 5p *D , 6p *D*, 
2p?, 4p) 2D°, 5p 2D°, 


p 


|p? ‘S°, 5p *S°, Gp *s°, Sp *P , 6p *D , 5p 28°, 6p 2s”, 
4p) ?P°, Sp , 6p 2P°, Sp’ 2P°, 4p? 2°, 5p *p°, 
ip *D°, 5p’ 2D 


fe? Pou SR135 ‘p 
fe Ping AGS. : 

wir SAS, ' 
peer SOS63, jp ‘Ss 
tp* *Pow, 57488 , 


Sp *p HO791 | 
Sp *Dip oes 2 ie 'P, 4d’ 2P, 4d” 2D, 75176 
p ‘'D} A1ORS5 . | 
5p *Dhs 62871 é 

60815 (4p? *S° 6p *D°, 6p 28°, 4p) 2P°, 6p2P°, Sp" tt 

HONS4 | 6p%D°, 5p’ *D°, 5p’ ?F 

62088 

23998 : \ 59 ‘Pp, Ss ?P 

63282 } 

— fe (P, Se OP, Ad’? 
“4169 
62751 =e 
63508 ; j ip? 2P?, 
HOOS81. 7 7 


“3047 
wii 


Ha 


"4122 
WAS. * 


04323 
4687 


4542 s°, ? ip?b 


MITSS. 2 


“anil 
W497 
HA5SS 
A7008, 7 
aja 


eusl4 


aso 
“ser 7 


osold 
hun, 2 


Hue 
HHS 
HORS! 


TARAS 
72501 


6p *Pix 
ip ‘Piss 


Sp 28) TODO 


1 
Sp’ * Diy POSTS 
6p ‘Dix | 70874 
ip *Dix TOSIE 
ip *Dhy 71131 
ip *Dhy T7234! 


p’ Fis TOR?! 
Sp’ *Fing 70097 





TABLE 


Interval 
cm 


Level 
em” 


Term 
designation 


Electron 
configuration 


4x2 6p 2 Dix 


6p *Dhy 


pCR )6p 1323.0 


5p’ *Phg 


5p’ *Ping 


is? 4p?('D) 5p 135. 5 


42 4pX'D)4d | 4d’ 2Pas 


id’ 2P ing 208.6 


> 
25.0 


12 4prs 5a” Song 72300. 4 


1! 72519. 4 


4s? 4p? P)6p 2620.3 


6p ‘Sin, 
1 1 


72779 


72800 
73244 


4° 4p? P)ip 6p Pex 


6p *Pay 


Ig, 244 T3506 


lg 73635 


1 


Ihe, 249 74049. 7 


Oly, 1g 74143 


74453 
74810. ! 


4s? 4p2('S)4d 4d”’ 2D. 


4d” Dis, 
OLe, Ihe 75086, 
T5176 
75578 
75799 
TOOTH. : 
THRBS. 6 
77121 


“979 « 
sidiae 


As Her Limit T9185 


em ' is obtained for the limit @P, of Ast). This 
corresponds to a value of 79259 x 1.2395 « 107*=9.82 
ev for the principal ionization potential of arsenic. 
In January 1950, after our ultraviolet As lines had 
been assembled and classified, it was observed that 
three high even levels (67009, 67920, 69315 em™') 
had the same J-values and nearly the same separa- 
lions as the three lowest even levels (50694, 51610, 
52898 em~'). Since the latter group had already 
been identified as 5s *Pox.is,oy, it Was natural to 
regard the higher group as 6s *Po..iq.24. While 
writing this paragraph, we observed that Rao [12] 
interpreted these levels in exactly this way but 


Tarte 6. Effective quantum numbers n* for 5s 


Spectrum Term T R/T n°= RT 


2 Cul 8 Sony 2.3920 
w Zn1 Si 

tl (ial he OS “s 
32 Get ip 


3s 


Pj 


~—— PRS 


Terms of the As 1 spectrum 


| 


‘Continued 


Combinations 


Se *P, Se ?P, Se’ 2D 


Se *P, 5e?P, Se’ 2D 


5p ‘D°, 4p) 2P°, 


ip! er 

ip) ?P°, 4p2?2D 
5e‘P, Se 2P. 
4p? 2P°, 4p) 2D 


Se 2P, 5s’ 2D 


| 4p'?D 


| 4p 


perp’, 4p'ebp 
21 


ip ?P 


Sp *D°, 4p) 2P°, 4p) 2D 


2p 
‘D°, 4p) *P’, 4p) Abe. 
2P°?, 4p) 'bD 

7p’, 4p Pep 

Pp 2» 


ip . tp’ 


per’, 4pPep 


per’, 4peep 


per’, 4p ip 


nevertheless arrived at an erroneous value of the 
ionization potential. Because the line intensities 
corresponding to transitions from these terms to the 
ground state are in the ratio of several hundred to 
one, it seems hopeless to detect similar levels of 7s, 
and we must be content with two terms of a spectral 
series. With the aid of a Rydberg interpolation 
table, the effective quantum numbers and limits were 
calculated as shown in table 7. 

The last column of table 7 contains three values of 
As 1 series limits corrected to the first level (Py) of 
As u. The average of these values is 79527 em™', 
which corresponds to 9.85 ev. Experience shows 
that the Rydberg formula generally yields too large 
Asi effective quantum n umbers and series 


TABLE 7. 


Lowest 
limit 


Limits in 
Ast 


Elec- 
tron 


Rydberg 
terms 


Lines 


pee n*=  yRT 


28048 
12633 


SIO 
47009 
SIALO 
67920 
S288 
fO315 


Po=702 
P, = 80551 


'Po= S192 





a limit, and a more reliable value will result from the 
use of a Ritz formula of the type, 
v= L—Rin+yu+aT). 

An examination of s-series represented by the Ritz 
formula in Zn1, Gat, and Get spectra indicates that 
a=2.510~ for Ast. On this assumption, the 
lowest limits in the final column of table 7 are 
caleulated to be 79185, 79033, and 78995, respec- 
tively. The average of these values is 79071 cm™'; 
it corresponds to 9.80 ev and is in good agreement 
with 9.82 ev calculated with the interpolated effective 
quantum number for the 5s electron. We believe 
that the average of these two figures, 79165 cm™', 
corresponding to 9.81 +0.01 ev, gives a reliable value 
for the principal ionization potential of arsenic. 
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